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PREFACE

AT COLUMBIA UNIVERSITY the undergraduate electrical engineering cur-
riculum contains a two-year sequence in electronics. This book is
intended to serve as the text covering approximately the first year of this
course. The sequence then continues with a study of pulse circuits using
about one-half of the material in Millman and Taub, “Pulse and Digital
Circuits.” The rest of the course is devoted to the teaching of communi-
cation circuits (a-m and f-m modulation and detection, etc.) and to elec-
tronic systems generally.

The text has three primary objectives. The first aim is to present a
clear, consistent picture of the internal physical behavior of vacuum,
gaseous, and semiconductor devices. A study of physical electronics
leads to an appreciation of the usefulness and also the limitations of these
devices. Furthermore, it is only through such basic knowledge, par-
ticularly of solid-state physics, that one can understand the new elec-
tronic devices that are being developed in the research and industrial
laboratories.

The second goal is to integrate the study of semiconductor devices with
that of vacuum tubes. The integrated nature of the presentation may
be noted from the following. The consideration of the electronic theory
of a metal leads immediately into a discussion of the nature of a semi-
conductor. After the analysis of the vacuum diode, the p-n junction is
given careful consideration. The treatment of vacuum photocells is
followed directly by that of semiconductor photodevices. A study of
vacuum-triode characteristics and equivalent circuits is immediately fol-
lowed by a corresponding analysis of transistors, etc.

The third objective is to teach electronic circuit theory in such a man-
ner as to provide an intimate understanding of, and intuitive feeling for,
each vacuum-tube or semiconductor device as a circuit element. Meth-
ods of analysis and characteristics which are common to many different
devices and circuits are emphasized. For example, a good deal of atten-
tion is given to the concept of the load line and the bias curve, to input
and output impedances, to small-signal equivalent circuits, to Thévenin’s
and Norton’s representations, to large-signal nonlinear distortions, to
frequency response, to the effects of feedback, etc. However, in order
that the student may appreciate the different applications of the various
circuits, the basic building blocks (such as rectifiers, untuned voltage
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amplifiers, audio power amplifiers, feedback amplifiers, and oscillators)
are each discussed in a separate chapter. In designing or analyzing a
complex electronic system it must be resolved into its component parts
according to function, and hence the above arrangement of material is of
practical importance.

Approximately 600 homework problems are included at the end of the
book. Some of these are theoretical and others are numerical. They
have been chosen to illustrate some physical principle, technique, or cir-
cuit discussed in the text.

Special mention must be made of the freedom with which the author
drew on his text “Electronics” (by J. Millman and S. Seely, McGraw-
Hill Book Company, Inc., New York, 1951). With the permission of
Dr. Seely a great deal of the material parallels that in the earlier book.

The author is grateful to the many companies who supplied technical
data and to the following persons for their assistance: Professor R. C.
Retherford of the University of Wisconsin offered constructive criticism
of “Electronics.” Mr. M. G. Scheraga of the A. B. Du Mont Labora-
tories, Inc., supplied data on cathode-ray tubes and multiplier photo-
tubes. Mr. L. B. Lambert of Columbia University and Mr. J. F.
Ossanna, Jr., of the Bell Telephone Laboratories supplied valuable
information on semiconductor electronics. Mr. P. M. Mauzey of
Columbia University read a good deal of the text, and his criticism was
most helpful.

The author is particularly indebted to Professor H. Taub of The City
College of New York for many interesting discussions and for the sug-
gestions he offered on many specific topics. A number of the sections
are based upon notes written originally in collaboration with him.

The author wishes to express his gratitude to Mr. A. Vigants and, in
particular, to Miss S. Silverstein of The City College of New York for
their assistance in the preparation of the manuscript and to Mr. P.
Demetriou and Mr. M. I. Rackman for their help with the instructor’s
problem solutions manual.

J. MiLuMaN
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CHAPTER 1

MOTION OF CHARGED PARTICLES IN ELECTRIC
AND MAGNETIC FIELDS

THIS chapter will present the fundamental physical and mathematical
theory of the motion of particles in electric and magnetic fields of force.
The succeeding chapter will give many important applications based upon
these analyses.

The motion of a charged particle in electric and magnetic fields will be
discussed, starting with simple paths and proceeding to more complex
motions. First a uniform electric field will be considered, and then the
analysis will be given for motions in a uniform magnetic field. This dis-
cussion will be followed in turn by the motion in parallel electric and
magnetic fields and in perpendicular electric and magnetic fields. Some
discussion is included of nonuniform fields.

1-1. Charged Particles. The charge or quantity of negative electricity
of the electron has been found by numerous experiments to be 1.602 X
10~ coulomb. The values of many important physical constants are
given in Appendix I. Some idea of the number of electrons per second
that represent currents of the usual order of magnitude is readily possible.
For example, since the charge per electron is 1.602 X 10~'® coulomb, the
number of electrons per coulomb is the reciprocal of this number, or
approximately 6 X 10'®. Further, since a current of 1 amp is the flow
of 1 coulomb/sec, then a current of only 1 ppa (1 micromicroamp or
10—'2 amp) represents the motion of approximately 6 million electrons
per second. Yet a current of 1 uua is so small that considerable diffi-
culty is experienced in attempting to measure it.

In addition to its charge, the electron possesses a definite mass. A
direct measurement of the weight of an electron cannot be made, but the
ratio of the charge to the mass e¢/m has been determined by a number of
experimenters using independent methods. The most probable value for
this ratio is 1.759 X 10! coulombs/kg. From this value of ¢/m and the
value of e, the charge on the electron, the mass of the electron is calcu-
lated to be 9.1085 X 10—3! kg.

The charge of a positive ion will be an integral multiple of the charge of
the electron, although it is of opposite sign. For the case of singly ionized
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2 VACUUM-TUBE AND SEMICONDUCTOR ELECTRONICS

particles, the charge is equal to that of the electron. For the case of
doubly ionized particles, the ionic charge is twice that of the electron.

The mass of an atom is expressed as a number that is based on the
choice of the atomic weight of oxygen equal to 16. The mass of a hypo-
thetical atom of atomic weight unity is, by this definition, one-sixteenth
that of the mass of monatomic oxygen. This has been calculated to be
1.660 X 10—%" kg. Hence, in order to calculate the mass in kilograms of
any atom, it s necessary only to multiply the atomic weight of the atom by
1.660 X 10~%7 kg. A table of atomic weights is given in Appendix III.

The radius of the electron has been estimated as 10-'* m and that of an
atom as 101 m. These are so small that all charges will be considered
as mass points in the following sections.

1-2. The Force on Charged Particles in an Electric Field. The force on
a unit positive charge at any point in an electric field is, by definition, the
electric-field intensity € at that point. Consequently, the force on a posi-
tive charge ¢ in an electric field of intensity € is given by ¢€, the resulting
force being in the direction of the electric field. Thus,

f, = ¢€ newtons (1-1)

where ¢ is in coulombs and € is in volts per meter. Boldface type will be
employed wherever vector quantities (those having both magnitude and
direction) are encountered.

The mks (meter-kilogram-second) rationalized system of units will be
found most convenient for the subsequent studies. Therefore, unless
otherwise stated, this system of units will be employed. Appendix IV
lists the names of the most common quantities in the mks system. Con-
versions from the electrostatic (esu) and the electromagnetic (emu) sys-
tems of units to the mks system of units are listed in Appendix II.

In order to calculate the path of a charged particle in an electric field,
the force, given by Eq. (1-1), must be related to the mass and the acceler-
ation of the particle by Newton’s second law of motion. Hence,

f,=q¢€=m % newtons (1-2)
where m is in kilograms and v is in meters per second. The solution of
this equation, subject to appropriate initial conditions, will give the path
of the particle resulting from the action of the electric forces. If the mag-
nitude of the charge on the electron is ¢, then the force on an electron in
the field is

f= —e€ newtons (1-3)

The minus sign denotes that the force is in the direction opposite to the
field.



MOTION OF CHARGED PARTICLES 3

In investigating the motion of charged particles which are moving in
externally applied force fields of electric and
magnetic origin, it will be implicitly assumed Y
that the number of particles is so small
that their presence will not alter the field
distribution.
Since the electronic motion will take place,
in general, in space, the motion will be speci- x
fied mathematically with respect to the
customary three mutually perpendicular
Cartesian axes, illustrated in Fig. 1-1. The Z
system of notation to be employed through- F1c. 1-1. Cartesian coordinate
out the text is the following: AXeS.

z = position of the particle along the X axis, m
y = position of the particle along the Y axis, m
z = position of the particle along the Z axis, m
v = magnitude of the velocity of the particle, m/sec
vz, v, v. = velocity components along the X, Y, and Z axes, respectively, m/sec
a = magnitude of the acceleration of the particle, m/sec?
@z, 4y, a; = components of the acceleration along the X, Y, and Z axes, respectively,
m/sec?

Similar subscript notation will be used for other vector components.
For example,

fy = component of the force along the Y direction, newtons
&. = component of the electric-field intensity along the Z axis, volts/m

It should be kept in mind that any or all of the foregoing quantities
may be functions of time.

The exact motion of a particle in a given force field cannot be deter-
mined unless the initial values of velocity and displacement are known.
The term “initial’”’ represents the value of the specified quantity at the
time t = 0. The subseript 0 will be used to designate such initial values.
For example,

zo¢ = initial displacement of the particle along the X axis
. = initial component of velocity in the Z direction

In every case the path will be determined from an analysis of Eq. (1-2)
subject to appropriate specified initial conditions.

1-3. Constant Electric Field. Suppose that an electron is situated
between the two plates of a parallel-plate capacitor which are contained
in an evacuated envelope, as illustrated in Fig. 1-2. A difference of
potential is applied between the two plates, the direction of the electric
field in the region between the two plates being as shown. If the dis-
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tance between the plates is small compared with the dimensions of the
plates, the electric field may be considered to be uniform, the lines of
force pointing along the negative X direction. That is, the only field

that is present is € along the —X axis. It is

)],— desired to investigate the characteristics of the
motion, subject to the initial conditions
d
‘;{E v; i 2:0’ } when { = 0 (1-4)
& // 7 X 0
e This means that the initial velocity is chosen
z7 * along €, the lines of force.

Fre. 1-2. The one-dimen- Since there is no force along the Y or Z direc-
sional electric field between  tions, Newton’s law states that the acceleration
the plates of a parallel- 410 these axes must be zero. However, zero
plate capacitor. . . ’

acceleration means constant velocity; and since
the velocity is initially zero along these axes, the particle will not move
along these directions. That is, the only possible motion is one-dimen-
sional, and the electron moves along the X axis.

Newton’s law applied to the X direction yields
e& = ma;

or

e
@ = = const (1-5)

where & represents the magnitude of the electric field. This analysis
indicates that the electron will move with a constant acceleration in a
uniform electric field. Consequently, the problem is analogous to that
of a freely falling body in the uniform gravitational field of the earth.
The solution of this problem is given by the well-known expressions for
the velocity and displacement, viz.,

Vs = Vo + Gt x = o + vok + 1a.t? (1-6)

provided that a, = const, independent of the time.

It is to be emphasized that, if the acceleration of the particle is not a
constant but depends upon the time, then Eqs. (1-6) are no longer valid.
Under these circumstances the motion is determined by integrating the
equations

d—va-”—a and de
d dt

=9, a-7
These are simply the definitions of the acceleration and the velocity,
respectively. Equations (1-6) follow directly from Eqs. (1-7) by inte-
grating the latter equations subject to the conditions of a constant
acceleration.
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Ezample. A sinusoidal potential having a frequency of 1 million cycles per second
(1 megacycle) and whose maximum value is 10 volts is applied to the plates of a paral-
lel-plate capacitor which are 2 cm apart. If an electron is released from one plate at
an instant when the applied potential is zero and increasing in the positive direction,
find the position of the electron at any subsequent time f. Assume that the initial
velocity of the electron is 10% m/sec along the lines of force.

Solution. Assume that the plates are oriented with respect to a Cartesian system
of axes as illustrated in Fig. 1-2. The magnitude of the electric-field intensity is

g = 10 sin 2xft = 500 sin (6.28 X 10%) volts/m

0.02
whence
as = %”’ _J= _ 8 _ § 76 % 101 X 500 sin (6.28 X 10%)
2 m m

= 8.80 X 10" sin (6.28 X 10%) m/sec?
This becomes, upon integration,
v, = —1.40 X 107 cos (6.28 X 10%) + A
where A = constant of integration. A is determined from the initial condition that

v, = 108 m/sec whent =0
Thus,
A = 1.50 X 107 m/sec

so that the velocity is given by
v, = 1.50 X 107 — 1.40 X 107 cos (6.28 X 10%) m/sec
Integration with respect to t, subject to the condition that z = 0 when ¢ = 0, yields
z = 1.50 X 107t — 2.23 sin (6.28 X 10%) m

1-4. Potential. The discussion to follow need not be restricted to uni-
form fields, but &, may be a function of distance. However, it will be
assumed that &, is not a function of time. Then, from Newton’s second
law

€6  dvg
T m  dt

Multiply this equation by dx = v, d¢, and integrate. This leads to

— 2/ & dx =[ Vs AVs (1-8)
m o oz

[r &, dx
o

is an expression for the work done by the field in carrying a unit positive
charge from the point z, to the point z.

The definite integral
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By definition, the potential V of point x with respect to point x, is the work
done against the field in taking a unit positive charge from zo to x. Thus,*

=— ["e,dx  volts (1-9)

By virtue of Eq. (1-9), Eq. (1-8) integrates to
eV = jm@.? — vo.?) joules (1-10)

This shows that an electron that has ‘“fallen” through a certain difference
of potential V in going from point xo to point x has acquired a specific
value of kinetic energy and velocity, independent of the form of the vari-
ation of the field distribution between these points and depending only
upon the magnitude of the potential difference V.

Although this derivation supposes that the field has only one compo-
nent, namely, &; along the X axis, the final result given by Eq. (1-10) is
simply a statement of the law of conservation of energy. This is known
to be valid even if the field is multidimensional. This result is extremely
important in electronic devices. Consider any two points 4 and B in
space, with point B at a higher potential than point A by Vgz4 volts.
Stated in its most general form, Eq. (1-10) becomes

qVpa = mvs? — tmog? joules (1-11)

where ¢ is the charge in coulombs and »4 and vz are the corresponding
initial and final speeds in meters per second at the points A and B,
respectively. By definition, the potential energy between two points equals
the potential multiplied by the charge in question. Thus, the left-hand side
of Eq. (1-11) is the rise in potential energy from A to B. The right-hand
side represents the drop in kinetic energy from A to B. Thus, Eq. (1-11)
states that the rise in potential energy equals the drop in kinetic energy,
which is equivalent to the statement that the total energy remains
unchanged.

It must be emphasized that Eq. (1-11) <s not valid if the field varies with
time.

If the particle is an electron, then —e must be substituted for ¢q. If
the electron starts at rest, then its final speed v, as given by Eq. (1-11)
with vy = 0, v = v,and Vps = V, is

2eV\!
v = (W) m/sec (1-12)
or
v = 5.93 X 108V% m/sec (1-13)

Thus if an electron “falls” through a difference of only 1 volt, its final
speed is 5.93 X 10° m/sec, or approximately 370 miles/sec. Despite this

* The symbol = is used to designate “equal to by definition,”
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tremendous speed, the electron possesses very little kinetic energy,
because of its minute mass.

It must be emphasized that Eq. (1-13) ¢s valid only for an electron start-
ing at rest. If the electron does not have zero initial velocity or if the
particle involved is not an electron, then the more general formula [Eq.
(1-11)] must be used.

1-5. The ev Unit of Energy. The joule is the unit of energy in the mks
system. In some engineering power problems this unit is very small, and
a factor of 10® or 10° is introduced to convert from watts (joules per sec-
ond) to kilowatts or megawatts, respectively. However, in other prob-
lems, the joule is too large a unit, and a factor of 107 is introduced to
convert from joules to ergs. For a discussion of the energies involved in
electronic devices even the erg is much too large a unit. This is not to be
construed to mean that only minute amounts of energy can be obtained
from electron tubes. It is true that each electron possesses a tiny amount
of energy, but as previously pointed out (see Sec. 1-1), an enormous num-
ber of electrons is involved even in a small current so that considerable
power may be represented.

The new unit of work or energy, called the electron volt (ev), is defined
as follows:

1ev = 1.60 X 101 joule
Of course, any type of energy, whether it be electrical, mechanical, ther-
mal, etc., may be expressed in electron volts.

The name ‘““electron volt’’ arises from the fact that if an electron falls
through a potential of one volt its kinetic energy will increase by the
decrease in potential energy or by

eV = (1.60 X 107'% coulomb)(1l volt) = 1.60 X 10~!* joule = 1 ev

However, as mentioned above, the electron-volt unit may be used for any
type of energy and is not restricted to problems involving electrons.

The abbreviations Mev and Bev are used to designate 1 million and
1 billion electron volts, respectively.

It is common practice to designate energies in terms of ‘“‘volts”
although it must be clearly understood that the terms ‘“volt” and
“electron volt”’ are being used synonymously. For example, the phrase
“g 5-volt mercury ion”’ means simply that the ion has a kinetic energy of
5 X 1.60 X 10~ joule. Similarly, the phrase ‘“0.1-ev thermal energy”’
means an amount of thermal energy of 0.1 X 1.60 X 10—!* joule.

1-6. Relationship between Field Intensity and Potential. The defini-
tion of potential is expressed mathematically by Eq. (1-9). If the elec-
trie field is uniform, the integral may be evaluated to the form

— f:&,dx = —&@—x0) =V  volts
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which shows that the electric-field intensity resulting from an applied
potential difference V' between the two plates of the capacitor illustrated
in Fig. 1-2 is given by

o= = — — volts/m (1-14)

where d is the distance between plates, in meters.

In the general case where the field may vary with the distance, this
equation is no longer true, and the correct result is obtained by differ-
entiating Eq. (1-9). Itis

av
8 = — ar (1-15)
The minus sign shows that the electric field is directed from the region of
higher potential to the region of lower
potential.

1-7. Two-dimensional Motion. Sup-

pose that an electron enters the region

P
o ) between the two parallel plates of a
Vox—>t .—”__*Ed—x
d
¢ v

Y

parallel-plate capacitor which are ori-
Fic. 1-3. Two-dimensional motion in ?n.t(?d as Sh-O wh in Fig. 1-3, W ith. an
a uniform electric field, initial velocity in the +X direction.
It will again be assumed that the electric
field between the plates is uniform. Then, as chosen, the electric field €
is in the direction of the — Y axis, no other fields existing in this region.
The motion of the particle is to be investigated, subject to the initial
conditions
Uz = Vg z=0
v, =0 y=20 when ¢t = 0 (1-16)
v, =0 z=0

Since there is no force in the Z direction, the acceleration in that direction
is zero. Hence, the component of velocity in the Z direction remains con-
stant. Since the initial velocity in this direction is assumed to be zero,
the motion must take place entirely in one plane, the plane of the paper.
For a similar reason, the velocity along the X axis remains constant
and equal to ve,. That is,
Ve = Vog
from which it follows that 1-17)
xr = l)o,,-t

On the other hand, a constant acceleration exists along the ¥ direction,
and the motion is given by Eqs. (1-6), with the variable  replaced by ¥.

vy = a,l Y = 3a,l? (1-18)
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where
es ek
ay = — 22V — _—d

m  md (1-19)

and where the potential across the plates is V = E;. These equations
indicate that in the region between the plates the electron is accelerated
upward, the velocity component v, varying from point to point, whereas
the velocity component v, remains unchanged in the passage of the elec-
tron between the plates.

The path of the particle with respect to the point O is readily deter-
mined by combining Eqs. (1-17) and (1-18), the variable ¢ being elimi-
nated. This leads to the expression

— (L),
Yy = (2 vuﬁ) x (1-20)

which shows that the particle moves in a parabolic path in the region
between the plates.

Example. A source introduces 500-volt potassium ions (atomic weight 40) into the
region between two parallel plates oriented as shown in Fig. 1-4. The ions leave point
A at an angle of 30 deg with the horizontal. There is a fixed voltage E. across the
plates, and the top plate is positive. Discuss the resultant motion. In particular,
answer the following:

a. How long will it take an ion to reach point B on the negative plate at a distance
of 10 cm away from A?

b. What must be the value of Eg, if the ion is to pass through B?

¢. What is the highest point of ascent of the ion?

Solution. From the above theory, it follows that the path is a parabola as shown
by the dashed curve in Fig. 1-4. This problem is analogous to the firing of a gun in
the earth’s gravitational field. The

bullet will travel in a parabolic path, +
first rising because of the muzzle velocity ZT e —— - 1'12\’
of the gun and then falling because of (im /5/0: T~ ﬁ

the downward attractive force of the

. A - B
earth. Because of this analogy, the e 10—
itludy (;.lflt;le nfaozlon Of. char%e(é palr tltcles Fia. 1-4. The path of a charged particle
In a feld of force 1s called eteciron ;. , yniform electric field is a parabola,

ballistics. The source of the chal;’ged provided that there exists a component of
particles is called an ‘“electron gun” or  veloeity normal to the field.

an ‘“‘ion gun.”

The initial components of velocity will now be found. The mass of the potassium
ion is 40 X 1.66 X 1027 = 6.64 X 10726 kg (see Sec. 1-1). The initial energy of the
ion is 500 X 1.60 X 10-1°* = 8.00 X 10~17 joule. Hence the initial velocity is given
by

Lmve? = 8.00 X 10~17 joule
2 X 8.00 X 1077
6.64 X 10728
vo = 4.91 X 10* m/sec
voz = Vo cos 30° = 4.91 X 10* X 0.866 = 4.26 X 10* m/sec
oy, = vo sin 30° = 4,91 X 104 X 0.500 = 2.46 X 10* m/sec

v = = 2.41 X 10° m?/sec?
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a. Since the horizontal velocity is constant, the time ¢, to travel a distance z = 10
cm = 0.10m is

x 0.1

v = 196 X 10¢ = 2,35 X 1078 gec

i =

b. If the ion passes through point B, then its vertical displacement is zero. The
vertical motion is one of constant acceleration of magnitude @ downward with an initial
velocity vy, upward. Hence

v, = Voy — at

and
Y = vo,t — sat?
If
y=0 fort =1,
then
ontl - %ah’ =0
or
2, 2 X 2.46 X 10
a = Tl = —m— = 2.09 X 101 m/se(:2
But
qEq
= md

where ¢ is the charge on the ion (which is equal to the electronic charge for a singly

ionized atom) and d is the separation of the plates. Hence
B, — mda _ 6.64 X 10726 X 0.02 X 2.09 X 100
1T T 1.60 X 10-1°
= 173.5 volts

¢. At the highest point of ascent, the ion is traveling neither up nor down, whence
vy = 0. The time ¢, at which this takes place is given by

vy =0 =0y ~ ats
or

9 X 101

Voy 2.46 X 10¢
a 2.0

= 1.18 X 1076 sec

by =
Note that £y = ¢,/2. This means that the time of ascent is half the total time, or

that the ion takes the same time traveling upward as it does traveling downward.
The maximum vertical displacement ¥, is given by

Ym = Doyls — ats?
(2.46 X 104 (1.18 X 107%) — % X 2.09 X 101 X (1.18 X 10-%)2
=290 X102 —1.45 X 1072 =145 X 102 m = 1.45 ¢cm

The same result may be obtained by using the theorem of the conservation of energy.
If the potential energy is taken as zero at point A, it is ym8,q at the highest point, or

Es _ 173.5 X 1.60 X 10~19
Ym g 1= 0.02

Ym = 1.39 X 1015y,
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This must equal the change in kinetic energy. Since the horizontal component of
velocity is unchanged and since there is no vertical component of velocity at the high-
est point, then the change in kinetic energy just equals

Lmve,? = 5(6.64 X 10726)(2.46 X 1042 = 2.02 X 1017
2,02 X 107V

= = —2 =
Y = 139 5 101 = 145 X 1072 m = 145 cm

as above.

1-8. Relativistic Variation of Mass with Velocity. The theory of rela-
tivity postulates an equivalence of mass and energy according to the
relationship

W = me? (1-21)

where W is the total energy in joules, m is the mass in kilograms, and ¢ is
the velocity of light in vacuum, in meters per second. According to this
theory, the mass of a particle will increase with its energy and hence with
its speed.

If an electron starts at the point A with zero velocity and reaches the
point B with a velocity v, then the increase in energy of the particle must
be given by the expression ¢V joules, where V is the difference of potential
between the points A and B. Hence,

eV = me? — moc? joules (1-22)

where mqc? is the energy possessed at the point A. The quantity m, is
known as the rest mass or the electrostatic mass of the particle and is a
constant independent of the velocity. The total mass m of the particle
is given by

mo

- V1 — v2/c?

This result, which was originally derived by Lorentz and then by Ein-
stein as a consequence of the theory of special relativity, predicts an
increasing mass with an increasing velocity, the mass approaching an
infinite value as the velocity of the particle approaches the velocity of
light. From Eqs. (1-22) and (1-23), the decrease in potential energy, or,
equivalently, the increase in kinetic energy, is

m (1-23)

This expression enables one to find the velocity of an electron after it
has fallen through any potential difference V. By defining the quantity
vy as the velocity that would result if the relativistic variation in mass

eV = moc2< ! — 1) (1-24)
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were neglected, i.e.,
_ [2eV

then Eq. (1-24) can be solved for », the true velocity of the particle. The
result is

= [1 ! :r 1-26
el T a ey (=20

This expression looks imposing at first glance. It should, of course,
reduce to v = vy for small velocities. That it does so is seen by applying
the binomial expansion to Eq. (1-26). The result becomes

v 2
v=vN< —%%-y---) (1-27)

From this expression, it is seen that, if the speed of the particle is much
less than the speed of light, the second and all subsequent terms in the
expansion can be neglected, and then v = vy, as it should. This equa-
tion also serves as a criterion to determine whether the simple classical
expression or the more formidable relativistic one must be used in any
particular case. For example, if the speed of the electron is one-tenth of
the speed of light, Eq. (1-27) shows that an error of only three-eighths of
1 per cent will result if the speed is taken as vy instead of ».

For an electron, the potential difference through which the particle
must fall in order to attain a velocity of 0.1c is readily found to be 2,560
volts. Thus, if an electron falls through a potential in excess of about
3 kv, the relativistic corrections should be applied. If the particle under
question is not an electron, the value of the nonrelativistic velocity is
first calculated. If this is greater than 0.1¢, then the calculated value of
vy must be substituted in Eq. (1-26) and the true value of v then calcu-
lated. In cases where the speed is not too great, the simplified expression
(1-27) may be used.

The accelerating potential in high-voltage cathode-ray tubes is suffi-
ciently high to require that relativistic corrections be made in order to
calculate the velocity and mass of the particle. Other devices employ-
ing potentials that are high enough to require these corrections are
X-ray tubes, the cyclotron, the betatron, and other particle-accelerating
machines. Unless specifically stated otherwise, nonrelativistic conditions
will be assumed in what follows.

1-9. Force in a Magnetic Field. To investigate the force on a moving
charge in a magnetic field, the well-known “motor law”’ is recalled. It
has been verified by experiment that, if a conductor of length L meters,
carrying a current of I amperes, is situated in a magnetic field of inten-
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sity B webers per square meter,* the force acting on this conductor is
BIL newtons. This assumes that the directions of I and B are perpen-
dicular to each other. The direction of this force is perpendicular to the
plane of I and B and has the direction of
advance of a right-handed screw which is
placed at O and is rotated from I to B through
90 deg, as illustrated in Fig. 1-5. Ifland B
are not perpendicular to each other, then only
the component of 1 perpendicular to B con-
tributes to the force. 'This simple way of find-
ing the direction of the force is equivalent
to the well-known left-hand rule of Fleming.
Some caution must be exercised with re- Fig, 1-5. Pertaining to the
gard to the meaning of Fig. 1-5. If the par- determination of the direction
ticle under consideration is a positive ion, ©f the force fn on a charged
. . . particle in a magnetic field.

then I is to be taken along the direction of
its motion. This is so because the conventional direction of the current
is taken in the direction of flow of positive charge. Since the current is
generally due to the flow of electrons, the direction of I is to be taken as
opposite to the direction of the motion of the electrons. If, therefore,
a negative charge moving with a velocity v— is
under consideration, one must first draw I anti-
@ 4 ) parallel to v— as shown and then apply the

L P J ‘““direction rule.”

Frc. 1-6. Pertaining to the If N electrons are conta,me.d ina length L of
determination of the mag- conductor (see Fig. 1-6) and if it takes an elec-
nitude of the force on a tron a time T seconds to travel a distance of L
gzi;:g%‘:lg?mde & mag  meters in the conductor, then the total number
of electrons passing through any cross section of
wire in unit time is N/T. Thus the total charge per second passing any

point, which is the current, by definition, is

N electrons

=_N—e

=

amp (1-28)

The force on a length L meters (or the force on the N conduction charges

* One weber per square meter equals 10* gauss. A unit of more practical size in
most applications is the milliweber per square meter, which equals 10 gauss. Other
conversion factors are given in Appendix II.

The SUN Commission of the International Union of Pure and Applied Physics
recommends the “weber per square meter,” whereas the International Electrotechni-
cal Commission has adopted the “tesla’ for the unit of magnetic-field intensity.!}

t Superscript numbers refer to numbered References at the end of each chapter.
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contained therein) is
BNeL
T

Furthermore, since L/T is the average, or drift, speed v meters per
second of the electrons, then the force per electron is

fm = evB newtons (1-30)

BIL = newtons (1-29)

The subscript m indicates that the force is of magnetic origin. To
summarize: The force on a negative charge e (coulombs) moving with a com-
ponent of velocity v— (meters per second) normal to a field B (webers per
square meter) 1s given by ev—B (newtons) and is in a direction perpendicular
to the plane of v~ and B, as noted in Fig. 1-5.

1-10. Current Density. Before proceeding with the discussion of pos-
sible motions of charged particles in a magnetic field, it is convenient to
introduce the concept of current density. This concept will be very
useful in many later applications. By definition, the current density,
denoted by the symbol J, is the current per unit area of the conducting
medium. That is, assuming a uniform current distribution,

i

I amp,/m? (1-31)

=17

where A is the cross-sectional area of the conductor. This becomes, by
Eq. (1-28),

Ne
=74
But it has already been pointed out that T = L/v. Then
Nev
J = m (1'32)

From Fig. 1-6 it is evident that LA is simply the volume containing the
N electrons, and so N/LA is the electron concentration n. Thus

N

= v 3 -
n=s7 electrons/m (1-33)
and Eq. (1-32) reduces to
J = nev = pv amp/m? (1-34)

where p = ne is the charge density, in coulombs per cubic meter, and v is
in meters per second.

This derivation is independent of the form of the conducting medium.
Consequently, Fig. 1-6 does not necessarily represent a wire conductor.
It may represent equally well a portion of a gaseous-discharge tube or a
volume element in the space-charge cloud of a vacuum tube. Further-



MOTION OF CHARGED PARTICLES 15

more, neither p nor » need be constant but may vary from point to point
in space or may vary with time. Numerous occasions will arise later in
the text when reference will be made to Eq. (1-34).

1-11. Motion in a Magnetic Field. The path of a charged particle that
is moving in a magnetic field will be investigated. Consider an electron
to be placed in the region of the magnetic field. If the particle is at rest,
fn = 0 and the particle remains at rest. If the initial velocity of the par-
ticle is along the lines of the magnetic flux, then there is no force acting
on the particle, in accordance with the rule associated with Eq. (1-30).
Hence, a particle whose initial velocity has no component normal to a uniform
magnetic field will continue to move with constant speed along the lines of flux.

Now consider an electron moving with a speed v, to enter a constant
uniform magnetic field normally as shown in Fig. 1-7. Since the force £,
is perpendicular to v and so to the motion at
every instant, then no work is done on the elec-
tron. This means that its kinetic energy is
not increased, and so its speed remains un- l
changed. TFurther, since v and B are each /%% LA
constant in magnitude, then £, is constant in  region ' x %
magnitude and perpendicular to the direction pox
of motion of the particle. This type of force
results in motion in a circular path with con- P
stant speed. It is analogous to the problem Frc. 1-7. Circular motion of an

. . electron in a transverse mag-
of a mass tied to a rope and twirled around | v e g
with constant speed. The force (which is the
tension in the rope) remains constant in magnitude and is always directed
toward the center of the circle, and so is normal to the motion.

To find the radius of the circle, it is recalled that a particle moving in a
circular path with a constant speed » has an acceleration toward the center
of the circle of magnitude v2/ R, where R is the radius of the path. Then

o

x x Magnetic
field
X X nto paper

my?
—R— = evB
from which
my
R = B m (1-35)
The corresponding angular velocity is given by
o="2="L rad/sec (1-36)

The time for one complete revolution, called the “period,” is

T = 2w _ 2mm sec (1-37)
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For an electron, this reduces to

3.57 X 10~

T = B

sec (1-38)
In these equations, e/m is in coulombs per kilogram and B in webers per
square meter.

It is noticed that the radius of the
path is directly proportional to the
speed of the particle. Further, the
period and the angular velocity are inde-
pendent of speed or radius. This
means, of course, that faster-moving
particles will traverse larger circles in
the same time that a slower particle
moves in its smaller circle. This very
important result is the basis of oper-
ation of numerous devices, for exam-
ple, the cyclotron and magnetic focus-
ing apparatus.

z

Ezample. Calculate the deflection of a
tron in a cathode-ray tube resulting cathode-ray beam caused by the earth’s
from the earth’s transverse magnetic magnetic field. Assume that the tube axis
field (normal to the plane of the IS 8o oriented that it is normal to the field,
paper). This figure is not drawn to the strength of which is 0.6 gauss. The
scale. anode potential is 400 volts; the anode-
screen distance is 20 cm (see Fig. 1-8).
Solution. According to Eq. (1-13), the velocity of the electrons will be

F1a. 1-8. The circular path of an elec-

vo: = 5.93 X 1054/400 = 1.19 X 107 m/sec

Since 1 weber/m? = 10 gauss, then B = 6 X 105 weber/m?. From Eq. (1-35) the
radius of the circular path is

7
I Vor 1.19 X 10

T (e/m)B T 176 X 101 X 6 X 10-5 1.12m = 112 em

Furthermore, it is evident from the geometry of Fig. 1-8 that (in centimeters)

1122 = (112 — D)? + 202
from which it follows that
D? — 224D + 400 = 0

The evaluation of D from this expression yields the value D = 1.8 cm.

This example indicates that the earth’s magnetic field can have a large effect on the
position of the cathode-beam spot in a low-voltage cathode-ray tube. If the anode
voltage is higher than the value used in this example or if the tube is not oriented nor-
mal to the field, the deflection will be less than that calculated. In any event, this
calculation indicates the advisability of carefully shielding a cathode-ray tube from
stray magnetic fields,
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1-12. Magnetic Focusing. As another application of the theory devel-
oped in the previous section, one method of measuring ¢/m will be dis-
cussed. The essentials of a cathode-ray tube needed for this purpose are
shown in Fig. 1-9. The hot cathode K emits electrons which are acceler-
ated toward the anode by the potential E,. Those electrons which are
not collected by the anode pass through the tiny anode hole and strike
the end of the glass envelope. This has been coated with a material that
fluoresces when bombarded by electrons. Thus the positions where the
clectrons strike the screen are made visible to the eye. A more detailed
discussion of the cathode-ray tube will be given in the next chapter.

Fluorescent
screen
- ——
| |
\ |
| |
| I
\ |
\‘ |—Beam
Wil
|
|
[ Electronic
[ path — 1
|
|
b—Anode
Cathode, K
1
|Ea zZ
Fic. 1-9. The cathode, anode, F1a. 1-10. The helical path of an electron
and fluorescent screen of a introduced at an angle (not 90 deg) with
cathode-ray tube. The un- a constant magnetic field.

focused electron beam isshown.

Imagine that the cathode-ray tube is placed in a constant longitudinal
magnetic field, the axis of the tube coinciding with the direction of the
magnetic field. A magnetic field of the type here considered is obtained
through the use of a long solenoid, the tube being placed within the coil.
An inspection of Fig. 1-10 reveals the motion. The Y axis represents the
axis of the cathode-ray tube. The origin O is the point at which the elec-
trons emerge from the anode. The velocity at the origin is vo, the initial
transverse velocity due to the mutual repulsion of the electrons being vs..
It will now be shown that the resulting motion is a helix, as illustrated.

The electronic motion can most easily be analyzed by resolving the
velocity into two components v, and vp along and transverse to the mag-
netic field, respectively. Since the force is perpendicular to B, then there
is no acceleration in the ¥ direction. Hence v, is constant and equal to vo,.
A force eveB normal to the path will exist, resulting from the transverse
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velocity. This force gives rise to circular motion, the radius of the circle
being mve/eB, with vy a constant, and equal to ve,. The resultant path is
a heliz whose axis is parallel to the Y axis and displaced from it by a dis-
tance R along the Z axis, as illustrated.

The pitch of the helix, which is defined as the distance traveled along
the direction of the magnetic field in one revolution, is given by

p = onT

where 7T is the period, or the time for one revolution. It follows from
Eq. (1-37) that

_ 2mm

= eiB 1)01’

If the electron beam is defocused, then a smudge is seen on the screen
when the applied magnetic field is zero. This means that the various elec-
trons in the beam pass through the anode hole with different transverse
velocities vo, and so strike the screen at different points (see Fig. 1-9).
This accounts for the appearance of a broad, faintly illuminated area
instead of a bright point on the screen. As the magnetic field is increased
from zero, the electrons will move in helixes of different radii, since the
veloeity vo, that controls the radius of the path will be different for differ-
ent electrons. However, the period or the time to trace out the path is
independent of vg,, and so the period will be the same for all electrons.
If, then, the distance from the anode to the screen is made equal to one
piteh, all the electrons will be brought back to the Y axis (the point O’ in
Fig. 1-10) since they all will have made just one revolution. Under these
conditions an image of the anode hole will be observed on the screen.

As the field is increased from zero, the smudge on the screen resulting
from the defocused beam will contract and will become a tiny sharp spot
(the image of the anode hole) when a critical value of the field is reached.
This critical field is that which makes the pitch of the helical path just
equal to the anode-screen distance, as discussed above. By continuing to
increase the strength of the field beyond this critical value, the pitch of
the helix decreases, and the electrons travel through more than one com-
plete revolution. The electrons then strike the screen at various points
so that a defocused spot is again visible. A magnetic-field strength will
ultimately be reached at which the electrons make two complete revo-
lutions in their path from the anode to the screen, and once again the spot
will be focused on the screen. This process may be continued, numerous
foci being obtainable. In fact, the current rating of the solenoid is the
factor that generally furnishes a practical limitation to the order of the
focus.

The foregoing considerations may be generalized in the following way:
If the screen is perpendicular to the Y axis at a distance L from the point

m (1-39)
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of emergence of the electron beam from the anode, then, for an anode-
cathode potential equal to E,, the electron beam will come to a focus at
the center of the screen provided that L is an integral multiple of p.
Under these conditions, Eq. (1-39) may be rearranged to read

e _ 8ril.mn?

= g coulombs/kg (1-40)

where 7 is an integer representing the order of the focus. It is assumed,
in this development, that eE, = Lmw,,? or that the only effect of the anode
potential is to accelerate the electron along the tube axis. This implies
that the transverse velocity ve., which is variable and unknown, is negli-
gible in comparison with vo,. This is a justi-

fiable assumption. r
This arrangement was suggested by Busch?
and has been used® to measure the ratio e/m
for electrons very accurately. ‘5[ lB
1-13. Parallel Electric and Magnetic Fields.
Consider the case where both electric and o X

magnetic fields exist simultaneously, the fields

being in the same or in opposite directions. If

the initial velocity of the electron either is zero

or is directed along the fields, then the magnetic Z )
field exerts mo force on the electron and the Frg. L-11. Parallel electric

: and magnetic fields.

resultant motion depends solely upon the

electric-field intensity €. In other words, the electron will move in a
direction parallel to the fields with a constant acceleration. If the fields
are chosen as in Fig. 1-11, the complete motion is specified by

vy = Vo, — ai Yy = vt — sat? (1-41)

where a = e&/m is the magnitude of the acceleration. The negative sign
results from the fact that the direction of the acceleration of an electron
is opposite to the direction of the electric-field intensity €.

If, initially, a component of velocity vy, perpendicular to the magnetic
field exists, this component, together with the magnetic field, will give rise
to circular motion, the radius of the circular path being independent of &.
However, because of the electric field €, the velocity along the field
changes with time. Consequently, the resulting path is helical with a
pitch that changes with the time. That is, the distance traveled along
the Y axis per revolution increases with each revolution.

Example. Given a uniform electric field of 104 volts/m parallel to and opposite in
direction to a magnetic field of 5 milliwebers/m2.  An electric gun, directed at an angle
of 30 deg with the direction of the electric field, introduces 400-volt electrons into the
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region of the fields (see Fig. 1-12). Give a quantitative description of the electronic

motion.
Solution. As discussed above, the path is a helix of variable pitch. The plane
determined by € and v, is chosen as the XY plane. From Eq. (1-13),

vo = 5.93 X 10° \/4(T0 = 1.19 X 107 m/sec
voz = o sin 30° = 5.93 X 106 m /sec
voy = 0o cos 30°= 1.03 X 10" m/sec

@ = ‘%’ = 1.76 X 10% m /sec?

along the —Y direction. Hence, from Eq. (1-35),

Mvoz _ 5.93 X 108
eB  1.76 X 101! X 5 X 103

R = =675 X107 m

Thus, the projection of the path on the XZ plane is a circle of radius 0.675 cm. An

application of the direction rule shows that the circle is being traversed in the counter-
clockwise direction (when looking along the
+Y direction). The path is essentially that

E=10% volts/m illustrated in Fig. 1-10 except that the velocity

along the fields is not constant but is given

by Eqgs. (1-41), viz.,

v, = 1.03 X 107 — 1.76 X 10*%¢

vo =119 %107 m/sec

24 Also
y = 1.03 X 10t — 0.88 X 10%3¢2

Under the conditions chosen, the particle
starts to move in the +7Y direction; but since
the acceleration is along the — Y direction, the
velocity will shortly be reduced to zero, and
the particle will then reverse its Y-directed
motion. This reversal will occur at the time ¢ for which v, = 0, namely,

_ 1.03 X 107
= 1.76 X 10%

zZ

Fra. 1-12. A problem illustrating
helical electronic motion of variable
pitch.

4 = 5.86 X 107° sec
The distance traveled in the 4+ Y direction to the position at which the reversal occurs
is
y' = 1.03 X 107 X 5.86 X 10~° — 0.88 X 10'3(5.86 X 107°)2
= (6.04 — 3.04) X 1072 m = 3.00 cm

It should be kept in mind that the term ‘“reversal’’ refers only to the Y-directed
motion, not to the direction in which the electron traverses the circular component of
its path. The rotation in this circular component is determined entirely by the quan-
tities B and vo,. Furthermore, only one reversal is made, the Y-directed motion con-
tinuing in the —Y direction with an ever-increasing linear velocity, even though the
angular velocity remains constant and equal to

w = %g = 1.76 X 1011 X 5 X 1073 = 8.80 X 108 rad/sec

By using either the relationship T = 2r/w or Eq. (1-38), there is obtained T = 7.14
X 107 sec for the period.
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Since ¢ < 7, then less than one revolution is made before the reversal..

The point P’ in space at which the reversal takes place is obtained by considering
the projection of the path in the X Z plane (since the Y coordinate y' is already known).
Refer to Fig. 1-13. The angle 6 through
which the electron has rotated about the
Y axis is

8 = wli’ = 8.80 X 10® X 5.86 X 107*
= 5.17 rad = 296°

-Z

From the figure it is clear that

2’ = —0.675 sin 64° = —0.608 cm +X

and
2 = 0.675 — 0.675 cos 64° = 0.317 cm

The time ¢/ that it takes the electron to
return to the XZ plane is obtained by setting
y equal to zero. Thus,

1.03 X 107

= W = 1.17 X 1078 sec

I

Fra. 1-13. The projection of the path

. v op i .
Since ¢’ = 2¢, it takes the electron just in the XZ plane is a circle.

as long to travel from the XZ plane to the
point of reversal as it does to return to this plane. The point to which the electron
returns in the XZ plane may be obtained by using for 6 the value wi’’ = 2wt’ = 592°
in Fig. 1-13. The result is

" = —0.532 cm and 2’ = 1.09 ecm

Tt should be noted that the electron does not return to the origin.

1-14. Perpendicular Electric and Magnetic Fields. The directions of
the fields are shown in Fig. 1-14. The magnetic field is directed along the
— Y axis, and the electric field is directed along the — X axis. The force

¥y on an electron due to the electric field is directed
along the +X axis. Any force due to the
magnetic field is always normal to B and hence
B lies in a plane parallel to the XZ plane. Thus
there is no component of force along the Y
P x direction, and the Y component of acceler-
ation is zero. Hence the motion along Y is
given by

Z
=0 v, =P = -
Frc. 1-14. Perpendicular Iy Y o y vot (1-42)

electric and magnetic fields. 5o ming that the electron starts at the origin.

If the initial velocity component parallel to B is zero, then the path lies
entirely in a plane perpendicular to B.
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It is desired to investigate the path of an electron starting at rest at the
origin. The initial magnetic force is zero, since the velocity is zero. 'The
electric force is directed along the +X axis, and the electron will be
accelerated in this direction. As soon as the electron is in motion, the
magnetic force will no longer be zero. There will then be a component
of this force which will be proportional to the X component of velocity
and will be directed along the +Z axis. The path will thus bend away
from the 4 X direction toward the +Z direction. Clearly, the electric
and magnetic forces interact with one another. In fact, the analysis
cannot be carried along further profitably in this qualitative fashion.
The arguments given above do, however, indicate the manner in which
the electron starts on its path. This path will be shown to be a cycloid.

To determine the path of the electron quantitatively, the force equa-
tions must be set up. The force due to the electric field € is e€ along the
+X direction. The force due to the magnetic field is found as follows:
At any instant, the velocity is determined by the three components vy, vy,
and v, along the three coordinate axes. Since B isin the ¥ direction, no
force will be exerted on the electron due to »,. Because of vz, the force is
ev:B in the +Z direction, as can be verified by the direction rule of Sec.
1-9. Similarly, the force due to v, is ev.B in the — X direction. Hence
Newton’s law, when expressed in terms of the three components, yields

dv, dv,

fe=m="=e8 — ev,B fe=m='=e,B (1-43)
di di

By writing for convenience

_eB _ 8
©=" and U=z (1-44)
then the foregoing equations may be written in the form
%07: = WU — wb, (Z; = 4w, (1-45)

A straightforward procedure is involved in the solution of these equa-
tions. In order to evaluate the velocity components, the first equation
of (1-45) is differentiated and combined with the second, viz.,

d*, dv,

= e = e (1-46)

The solution of this differential equation is
vz = A cos wt + C sin wt (1-47)

where A and C are arbitrary constants. In order to evaluate these con-
stants, the initial conditions, vy, = vo, = 0 when. = 0, are imposed on
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this equation. Thus,

v, =0
d, f Eqs. (1-45
and, from Egs. ( ),dv when ¢ = 0
Tif = wu
From these, it is found that
A=0 and C=u (1-48)

so that
v, = U sin ot

The first equation of (1-45) and the solution for v, give

) —u—ldvz—u % cos wt
# wdi @

Thus, the solutions of Eqs. (1-45) are
v, = u Sin wl v, = U — U COS wl (1-49)

In order to find the coordinates z and z from these expressions, each
equation must be integrated. Thus

z = fv.dt = fusin wtdt
or

Since x = 0 when ¢t = 0, then

In a similar way, from Eqgs. (1-49)
2= [v,dt = ut —gsinwt

the constant of integration being zero since z = 0 at ¢ = 0.
The complete solution of this problem is, therefore,

z=2(1 — cos wf) 2= ut — = sin ot (1-50)
w w

If, for convenience,

0 = wt and Q (1-51)

l

el

then
z = Q(1 — cos 6) z = Q0 — sin 0) (1-52)

where % and v are as defined in Egs. (1-44).
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It will now be shown that these are the parametric equations of a com-
mon cycloid, defined as the path generated by a point on the circumference

@40 co5 6 of a circle of radius Q which rolls along

z ok a straight line, the Z axis. This is
W A P X illustrated in Fig. 1-15. The point P
| ﬁ7£{€ v Rolling circle whose coordinates are x and z (y = 0)
{ Qsind represents the position of the electron
> at any time. The dark curve is the
& 20 Cycloidal path locus of the point P. The reference

line CC’ is drawn through the center of
the generating circle parallel to the X
axis. Since the circle rolls on the Z
axis, then OC’ represents the length of
z the circumference that has already come
F1G. 1-15. The cycloidal path of an in contact with the Z axis. Thislength
electron in perpendicular electric and “is evidently equal to the arc PC” (and
\r:::g?ii;wis f:igs when the initial equals @#). The angle 6 gives the num-
ber of radians through which the circle

has rotated. From the diagram, it readily follows that

=@ — Qcos b z= Q68 — Qsin 0 (1-53)

which are identical with Egs. (1-52), thus proving that the path is
cycloidal as predicted.

The physical interpretation of the symbols introduced above merely as
abbreviations is as follows: :

w represents the angular velocity of rotation of the rolling circle.

6 represents the number of radians through which the circle has rotated.

Q) represents the radius of the rolling circle.

Since u = wQ), then u represents the velocity of translation of the center of
the rolling circle.

From these interpretations and from Fig. 1-15 it is clear that the maxi-
mum displacement of the electron along the X axis is equal to the diameter
of the rolling circle, or 2Q. Also, the distance along the Z axis between
cusps is equal to the circumference of the rolling circle, or 2r@Q. At each
cusp the speed of the electron is zero, since at this point the velocity is
reversing its direction (see Fig. 1-15). This is also seen from the fact that
each cusp is along the Z axis and hence at the same potential. Therefore
the electron has gained no energy from the electric field, and its speed
must again be zero.

If an initial velocity exists that is directed parallel to the magnetic field,
then the projection of the path on the XZ plane will still be a cycloid but
the particle will now have a constant velocity normal to the plane. This
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might be called a “ cycloidal helical motion.” The motion is described by
Eqgs. (1-52) with the addition of Eqs. (1-42).

There is one other special case of importance. Suppose that the elec-
tron is released perpendicular to both the electric and magnetic fields so
that 2oz = vo, = 0 and ve, % 0. The electric force is e§ along the +X
direction (see Fig. 1-14), and the magnetic force is evo.B along the —X
direction. If the net force on the electron is zero, then it will continue to
move along the Z axis with the constant speed vo,. This condition is
realized when

e€& = eBuy,
or

Vo =

= (1-54)

Sl o

from Eqs. (1-44).

This gives another interpretation to u. It represents that velocity
with which an electron may be injected into perpendicular electric and
magnetic fields and suffer no deflection, the net force being zero. Note
that this velocity u is independent of the charge or mass of the ions.
Such a system of perpendicular fields will act as a velocity filter and allow
only those particles whose velocity is given by the ratio /B tobe selected.

Example. A magnetic field of 0.01 weber/m? is applied along the axis of a cathode-
ray tube. A field of 10 volts/m is applied to the deflecting plates. If an electron
leaves the anode with a velocity of 10° m/sec along the axis, how far from the axis will
it be when it emerges from the region between the plates? The length [ of the deflect-
ing plates along the tube axis is 2.0 em.

Solution. Choose the system of coordinate axes illustrated in Fig. 1-14. Then,

Vor = Vo, = 0 vy, = 10% m/sec

As shown above, the projection of the path is a cycloid in the X Z plane, and the elec-
tron travels with constant velocity along the Y axis. The electron is in the region
between the plates for the time

l

— =2 X 1072 sec
Voy
Then, from Egs. (1-44) and (1-51), it is found that
w = €m§ = 1.76 X 10° rad/sec
u = % = 10% m /sec
Q=% =568 X 10*m = 0.0568 cm

w

0 = wt = (1.76 X 10°)(2 X 1078) = 35.2 rad

Since there are 2r rad/revolution, the electron goes through five complete cycles and
enters upon the sixth before it emerges from the plates. Thus

35.2rad = 10x + 3.8 rad
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Since 3.8 rad equals 218 deg, then Eqs. (1-52) yield

z = Q(l — cos 6) = 0.0568(1 — cos 218°) = 0.103 cm
2 = Q6 — sin ) = 0.0568(35.2 — sin 218°) = 2.03 cm

so that the distance from the tube axis is
r = /1% + 2% = 2.03 cm

If the initial velocity component in the direction perpendicular to the
magnetic field is not zero, it can be shown* that the path is a trochoid.®
This curve is the locus of a point on a

. . B
‘““spoke” of a wheel rolling on a straight ®<Magnetic
line, as illustrated in Fig. 1-16. If the field in)
length Q' of the spoke is greater than the
radius @ of the rolling circle, the trochoid
is called a prolate cycloid® and has subsid-

Angular

Jocit
Rolling 120 @

circle T
\|O X
/. @

/ ¢ N\ o
Sy

\ ;00,?5 /<

AN v A T Tracing
Trock of — - circle

Linear
velocity of
A CisQu=u

Z Z

F1c. 1-16. The locus of the point P at the Fra. 1-17. The trochoidal paths
end of a ““spoke’ of a wheel rolling on a of electrons in perpendicular elec-
straight line is a trochoid. tric and magnetic fields.

iary loops (Fig. 1-17a). If @ = @, the path is called a common cycloid
and is illustrated in Fig. 1-15 or 1-17b. If @’ is less than @, the path is
called a curtate cycloid® and has blunted cusps, as indicated in Fig. 1-17c.
1-15. Nonuniform Fields. If the fields are not constant, it is still pos-
sible to write down the differential equations of motion but it is seldom
possible to obtain an exact solution. The particular case in which the
tube possesses cylindrical symmetry is amenable to analysis. However,
in most practical tubes the fields themselves are seldom known exactly,
but only the voltages applied to a certain electrode configuration are given.
Because of the importance of this type of problem, approximate graphical,
numerical, and experimental methods of solution have been devised.®
One direct experimental method for finding the path of an electron in a
given two-dimensional electrode configuration (without first finding the
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field) is called the “rubber-model” method. In this method, a large-
scale model is made of the electrode assembly, the height of the various
electrodes being adjusted to be in proper proportion to the negative
potential of the electrodes. A rubber membrane is pressed down over
this configuration in such a way that it makes contact with the top of
every electrode. The surface of the diaphragm is then no longer flat but
has an elevation that is proportional to the potential at each point in
space. A small ball is projected onto this model with an initial speed
and direction appropriate to the original electronic problem, and the
subsequent path of the rolling ball is photographed with a motion-picture
camera. It can be shown that the motion of the ball rolling on the
stretched diaphragm under the action of the earth’s gravitational field
(subject to certain conditions usually approximated in practice) is identi-
cal with that of the electron in the original electrode configuration.’
1-16. Electron Optics. Because of the close analogy that exists between
the paths of charged particles in electric and magnetic fields and the path
of light rays in passing through lenses or through media of varying index
of refraction, the foregoing analyses
may be called “geometrical electron o
optics.” To note this close analogy,?
consider the regions on both sides of
an equipotential surface S, as shown
in Fig. 1-18. Suppose that the elec-
tric potential to the left of the surface #
is V-, that to the right of Sis ¥+, and
that an electron is moving in the direc-
tion PQ with a velocity v;. At the
surface S a force exists in the direction  F16. 1-18. Demonstration of the simi-
. . larity between ‘‘geometrical electron
normal to the equipotential. Because gptics” and “geometrical light optics.”
of this force, the velocity of the elec-
tron increases to v, after it has passed S. Only the normal component
of velocity v, changes, since no work is done by moving the particle along
an equipotential. That is, the tangential component of the velocity v on
both sides of the equipotential remains unchanged. It follows from
Fig. 1-18 that

Normal to
equipotentiol

v, =v18ln? = v, 8inr

where 7 and r may be considered as the angles of incidence and refraction
of the electron ray, respectively. Then

sinz g

sinr vy (1-55)

In geometrical light optics the ratio of the velocities of propagation in
two media is called the index of refraction u. This resultant equation is
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then recognized as Snell’s law of refraction, sin ¢/sin » = p. It therefore
follows that the refraction of an electronic beam at an equipotential sur-
face obeys the same law as the bending of a light beam at a refracting
surface. Because of this, the electron-lens system and an optical-lens sys-
tem may be considered to be roughly analogous. It must be kept in mind,
however, that electron lenses cannot be sharply defined, the region actu-
ally being one of continuously varying index of refraction. Furthermore,
the index of refraction of the electron lens can readily be varied by
changing the potentials applied to the electrodes that constitute the lens.
This is the electron-lens arrangement for focusing the electron beam in a
cathode-ray tube and will be further discussed in Sec. 2-5.
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CHAPTER 2

APPLICATIONS OF THE MOTION OF PARTICLES
IN APPLIED FIELDS

THIS chapter will present a discussion of a number of the more important
electronic devices that depend for their operation on the theory developed
in the preceding chapter.

2-1. Electrostatic Deflection in Cathode-ray Tubes. The essentials of
a cathode-ray tube for electrostatic deflection are illustrated in Fig. 2-1.
A more detailed discussion of the elements of the tube will follow later.

Y P’
Anode + Eg + I
\ r"'—"—""M ] l
Ky, g | - . - X
(:iHvox 10— 0 — P
£q __1/2,!‘ L
{

Screen
Fi1c. 2-1. Electrostatic deflection in a cathode-ray tube.

It will be assumed that a constant voltage E, is applied between the
deflecting plates as shown. The initial velocity of the electrons v, results
from the application of an accelerating potential E,. The magnitude of
this velocity is given by Eq. (1-12), viz.,

2eE,
Vo = .\/ in m/sec (2-1)

on the assumption that the initial velocities of emission of the electrons
from the cathode are negligible.

Since no field is supposed to exist in the region from the anode to the
point O, the electrons will move with a constant velocity vo, in a straight-
line path. In the region between the plates the electrons will move in
the parabolic path given by y = 1(a,/ve.2)2? according to Eq. (1-20).
The path is a straight line from the point of emergence M at the edge
of the plates to the point P’ on the screen, since this region is field-free.

The straight-line path in the region from the deflecting plates to the
screen is, of course, tangent to the parabola at the point M. The slope

29
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of the line at this point, and so at every point between M and P’, is [from
Eq. (1-20)]

tan 0 = —— =
dx [z - Vog?

_ dy] a,l

From the geometry of the figure, the equation of the straight line M P’ is

found to be
a,l l
- o4 (e-4) @2)

since x = l and y = 1a,0?/v,.? at the point M.

When y = 0, z = [/2, which indicates that when the straight line M P’
is extended backward it will intersect the tube axis at the point O’, the
center point of the plates. This result means that O’ is, in effect, a virtual
cathode, and, regardless of the applied potentials E, and Eg, the electrons
appear to emerge from this ‘““cathode’ and move in a straight line to the
point P’

At the point P/, y = D, and 2 = L + 1. Equation (2-2) reduces to

a,lL

v 03;2

D=

By inserting the known values of a, (= eE;/dm) and vy, this becomes

__ILE,
~ 24E,
This result shows that the deflection on the screen of a cathode-ray tube
is directly proportional to the deflecting voltage E; applied between the
plates. Consequently, a cathode-ray tube may be used as a linear-
voltage indicating device.

The electrostatic-deflection sensitivity of a cathode-ray tube is defined as

the deflection (in meters) on the screen per volt of deflecting voltage.
Thus

D (2-3)

b _ IL
E,  2dE,
The deflection factor of the tube is, by definition, the reciprocal of the
sensitivity and is, therefore,

1 _ 2dE,

C=5"7L

This expression gives a measure of the potential that must be applied to
the deflecting plates in order to give unit deflection on the screen.

An inspection of Eq. (2-4) shows that the sensitivity is independent of
both the deflecting voltage E; and the ratio e/m. Furthermore, the sensi-
tivity varies inversely with the accelerating potential E,.

S = m/volt (2-4)

volts/m (2-5)
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The idealization made in connection with the foregoing development,
viz., that the electric field between the deflecting plates is uniform and
does not extend beyond the edges of the plates, is never met in practice.
Consequently, the effect of fringing of the electric field may be enough to
necessitate corrections amounting to as much as 40 per cent! in the results
obtained from an application of Egs. (2-4) and (2-5).

Typical values of deflection factors range from approximately 25 to
250 volts/in., corresponding to sensitivities of 1.0 to 0.1 mm/volt.

2-2. Experimental Determination of Sensitivity. The simplest proce-
dure for determining the sensitivity of a cathode-ray tube experimentally
is to apply an a-c (60-cycle) voltage to the deflecting plates. Asfar asan
individual electron is concerned, this is equivalent to a constant potential
since, during the time interval in which it is in the region between the
plates, the potential remains substantially constant. To verify this, one
need only recall that, if the electron were accelerated even by an anode
potential of only 100 volts, its speed would be 5.93 X 10° m/sec. The
length of time it would be in the region between plates 1 cm long would be
/v = 0.01/(5.93 X 10%), or less than 10~% sec. Certainly the 60-cycle
voltage may be considered to remain unchanged for such a short time
interval.

This analysis furnishes the justification for determining the electrostatic
sensitivity by means of an alternating instead of a static field between the
plates. It must be noted that the expression for the deflection sensitivity
must be modified when the time of passage of an electron between the
plates is comparable with the period of the a-c deflecting voltage. How-
ever, since the time of passage of the electron between the plates is of the
order of 10—* sec, the deflection sensitivity is independent of frequency
for frequencies less than about 10 megacycles/sec.

What will be seen on the screen when the deflecting voltage is sinus-
oidal? Since each succeeding electron in the cathode-ray stream arrives
between the plates at a different phase of the applied voltage, then the
deflecting voltage will be different in magnitude for the different elec-
trons. This circumstance results in different deflections so that the elec-
trons, instead of striking one spot on the screen, will be spread out, the
image on the screen being a line. The eye cannot, of course, detect the
individual rain of electrons on the screen but owing to the persistence of
vision sees only the integrated result, a line. Since the applied a-c poten-
tial reverses twice each cycle, the electron beam will be deflected upward
during one half period and downward during the other half period. The
total length of the line will correspond to that resulting from the appli-
cation of a d-c voltage equal to 2E,,, where E,, is the maximum value of
the applied a-c potential.

It is a very simple matter to measure the length of the resulting line
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with a transparent scale, particularly since the end points appear brighter
than the rest of the line. The bright end points result from the fact that
more electrons are deflected toward these points than to any other point
in the line because the voltage is in the neighborhood of its maximum
or its minimum value for a large portion of its period.

If the applied deflecting potential is not a pure sinusoidal wave but con-
tains harmonics, the resulting line on the screen will possess, in accordance
with the foregoing discussion, gradations in intensity. The brightest por-

tions of the line will correspond to regions where the

_— magnitude of the applied potential wave is changing
——-——-——-— least with respect to the time, and more electrons

—\I are acted upon by this field strength than by any
{——>1  other.
Fra. 2-2. Inclined If the deflecting voltage is large enough, it is possi-
plates in a cathode- 1o g1 the electrons to strike the deflecting plates
ray tube. .
and so never reach the screen. In order to avoid
this difficulty and thus allow for larger deflections on the screen, the
plates of the deflecting system are often bent with respect to one another,
as illustrated in Fig. 2-2.

It is found that the electron beam is defocused as it is deflected. This
effect can be minimized by properly shaping the deflection plates. TFor
the most uniform focusing the plates are bent in a parabolic form approxi-
mating the path which the electron beam follows.

2-3. The Intensifier Tube. It is shown in Sec. 2-1 that the sensitivity
varies inversely with the accelerating potential E,. Consequently,
greater sensitivity prevails for smaller values of E,. However, smaller
values of F, cause a decrease of the luminosity of the spot on the screen,
since the luminosity depends upon the energy carried by the beam of
electrons (Sec. 2-8). It is therefore necessary to reach a compromise
between luminosity and sensitivity in the design of a cathode-ray tube.

It is, however, possible to obtain high sensitivity and at the same time
high luminosity by the use of an additional electrode called the intensifier,?
postaccelerating electrode, or third
anode which is placed close to the
screen. The general appearance of
such a tube is shown in Tig. 2-3.
This extra electrode I is usually in
the form of a conducting ring on
the inner surface of the glass near
the screen. It serves to give the
electrons an added acceleration to-
ward the screen subsequent to their deflection by the deflecting
plates. Thus the sensitivity is increased through the use of a lower

Screen

} 1
Eg 'Baz

Fra. 2-3. A cathode-ray tube provided
with a postacclerating electrode.
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accelerating potential E,; prior to the deflection of the beam, and the
intensity of the spot on the screen is increased through the use of the
intensifier voltage E.s, which speeds up the electrons subsequent to the
deflection. As usually operated, the potential between the intensifier
electrode and the accelerating anode is approximately equal to that
between the anode and the cathode. This provides full brilliance with
a sensitivity approximately twice that of a tube not provided with the
intensifier electrode. In order to avoid a loss in sensitivity resulting from
an axial acceleration in the region of the deflecting plates caused by the
field of the intensifier electrode, the anode is connected to a conducting
ring R painted on the inner surface of the glass beyond the deflecting

Insulating rings

Second agnode i .
connection Three infensitier bonds

Fie. 2-4. Type 5RP multiband intensifier tube. (Courtesy of A. B. Du Mont Labora-
tories, Inc.)

plates (Fig. 2-3). This ring may take the form of an aquadag coating
extending over quite a region on both sides of the deflecting plates. This
ring renders the deflecting plate space free from an axial component of
force. Such an axial force would, of course, shorten the time the elec-
tron would be under the influence of the deflecting voltage and would
give a decreased deflection.

If the ratio of intensifier to anode potential is much greater than 2:1,
then it is found that distortions are introduced.? These are due in a
large measure to the nonaxial components of electric field caused by the
intensifier. The distortions are minimized by changing the shape of the
envelope from a tapered to a cylindrical form and by applying the intensi-
fier voltage in several equal steps. Figure 2-4 shows such a tube oper-
ating satisfactorily at an intensifier-to-anode voltage of 10:1. The elec-
trons are accelerated through a potential of 20 kv before striking the
screen and yet the sensitivity is as high as 0.15 mm/volt. This tube
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has sufficient intensity to allow photographing of very rapid transients,
writing speeds (Sec. 2-8) as high as 400 in./usec having been recorded.
Before the advent of the intensifier-type tube this could be done only with
a demountable-type tube in which the photographic plate was placed
inside of the tube envelope so that the electron beam exposed it directly.4
This required that the system be connected continually to vacuum pumps,
a distinet disadvantage over the sealed-off intensifier-type tube.

A second application of the intensifier tube is as a projection oscillo-
graph.

The A. B. Du Mont Laboratories, Inc., has developed a postacceler-
ating tube in which the gap-type intensifier rings of Fig. 2-4 are replaced
by a continuous band in the form of a spiral. This spiral intensifier
gradually raises the potential from the second anode to the final post-
accelerating voltage at the screen. The over-all result is less distortion,
less defocusing of the spot at the limits of deflection, and a more uniform
distribution of the secondary electrons that bombard the screen.

By improving production techniques, the A. B. Du Mont Laboratories,
Inec., has found it possible to maintain much closer tolerances in a cathode-
ray-tube assembly. By decreasing the deflection-plate spacing, increas-
ing the length of the plates, and increasing the beam current it is possible
to obtain the same sensitivity and intensity as with a postaccelerating
tube. Such a mono-accelerator’ tube operates at a much lower voltage
than the intensifier tube but has none of the disadvantages of the latter
type.

2-4. Magnetic Deflection in Cathode-ray Tubes. The illustrative
example in Sec. 1-11 immediately suggests that a cathode-ray tube may

employ a magnetic as well as an elec-
Y - Mognetic it tric ﬁe}d in order to accomplish the
i deflection of the electron beam.

Q out of paper p’
¢ | 5 However, as it is not feasible to use
K 14 \ 4 a field extending over the entire
AR '”"_"—Lp X length of the tube, a short coil fur-
E, Il nishing a transverse field in a limited
L- .o L ” region is employed, as shown in Fig.
Fiac. 2-5. Magnetic deflection in a 2-5. The magnetic field is taken as
cathode-ray tube. pointing out of the paper, and the

beam is deflected upward. It is as-
sumed that the magnetic-field intensity B is uniform in the restricted
region shown and is zero outside of this area. Hence, the electron moves
in a straight line from the cathode to the boundary O of the magnetic
field. In the region of the uniform magnetic field the electron experiences
a force of magnitude evB, where v is the speed.
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The path OM will be the arc of a circle whose center is at . The
speed of the particles will remain constant and equal to

V= Vo = 4 FinE“ m/sec (2-6)

The angle ¢ is, by definition of radian measure, equal to the length of the
arc OM divided by R, the radius of the circle, or approximately

~ !
where, by Eq. (1-35),
my
R = ;. m (2-8)

In most practical cases, L is very much larger than [, so that little error
will be made in assuming that the straight line MP’, if projected back-
ward, will pass through the center O’ of the region of the magnetic field.
Then

D=L tan ¢ (2-9)

These assumed conditions presuppose that the angle ¢ is a small quantity,
thereby permitting the approximation tan ¢ = ¢. By Egs. (2-6), (2-7),
and (2-8), Eq. (2-9) now becomes

D~L UL _lWLeB _ LB [e¢
=Y TR T T VE.N\2m

The deflection per unit magnetic-field intensity, D/B, given by

D WL (e
B VE.N2m
is called the magnetic-deflection sensitivity of the tube. Tt is observed that
this quantity is independent of B. This condition is analogous to the
electric case for which the electrostatic sensitivity is independent of the
deflecting potential. However, in the electric case the sensitivity varies
inversely with the anode voltage, whereas it here varies inversely with the
square root of the anode voltage. Another important difference is in the
appearance of ¢/m in the expression for the magnetic sensitivity, whereas
this ratio did not enter into the final expression for the electric case.
Because the sensitivity increases with L, the deflecting coils are placed as
far down the neck of the tube as possible, usually directly after the acceler-
ating anode.
2-5. Focusing the Beam. The essentials of a high-vacuum tube are
illustrated in Fig. 2-6. (The pressure is about 10~¢ mm Hg.) The elec-

m/(weber/m?) (2-10)
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trons are emitted from the indirectly heated oxide-coated cathode K, the
filament power being supplied to the heater H. The heater is generally
noninductively wound. The intensity of the beam is controlled by vary-
ing the negative bias on the grid G, which is usually a nickel cylinder pro-
vided with a small, centrally located hole coaxial with the tube axis.
Because of the mutual repulsion of the electrons a method for focusing
the beam into a small spot must be provided. The electrostatic method
of doing this is indicated in Fig. 2-6. The electrode A ;is a metal cylinder
that contains several baffles in order to collimate the beam and accelerate
it to its final velocity. The electrodes A; and A, are cylinders coaxial
with A;. The cylinder A, is electrically connected to 43 but A, is at a
lower voltage. TFocusing of the electron beam is accomplished by varying
the potential between A, and A,, thereby changing the index of refraction

N N
}LW# |—|‘ﬁr—1r—|£ﬁ
| el S Vv s
[ 7
D, D,

Fra. 2-6. The eclements of a high-vacuum cathode-ray tube. (Courtesy of A. B.
Du Mont Laboratories, Inc.)

of the electron rays (Sec. 1-16). Because of this, A; is referred to as
the “focusing electrode” or the ““first anode,” A, is called the “second
anode,” and A; is known as the “preaccelerating electrode.” The com-
bination of H, K, G, A1, As, and Aj; is called an “electron gun,’’® an
appropriate name because of the analogy with ordinary ballistics. A
complete picture of an electrostatic cathode-ray tube is given in Fig. 2-7.
The lens action of the electron gun on the electron beam is clearly indi-
cated in the diagram. Many cathode-ray tubes are manufactured with a
flat rather than a curved face.

In addition to the electrostatic method of focusing, just described, it is
possible to focus the beam magnetically. The method of Sec. 1-12
employing a longitudinal magnetic field over the entire length of the tube
is not too practical. Hence, a short coil is placed over the neck of the
tube. One type of coil and the corresponding magnetic lines are shown in
Fig. 2-8.  There are two components of force on the electron, one due to
the axial component of velocity and the radial component of field and the
second due to the radial component of the velocity and the axial compo-
nent of field. Because the axial component of velocity is so much greater
than the transverse component, then, to a good approximation, only the
former force need be taken into account. The analysis is complicated,”
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VACUUM-TUBE AND SEMICONDUCTOR ELECTRONICS

but it can be seen qualitatively that the motion will be a rotation about
the axis of the tube and, if conditions are correct, the electron on leaving
the region of the coil may be turned sufficiently so as to move in a line

Corl Iron
23S
—

— T

(=
N ") Nlube neck

Frc. 2-8. Magnetic-focusing coil.

toward the center of the screen. A
rough adjustment of the focus is ob-
tained by positioning the coil prop-
erly along the neck of the tube. The
fine adjustment of focus is made by
controlling the coil current.

A picture of a tube with magnetic
deflection and focus is shown in
Fig. 2-9. For television the tube
face is usually rectangular in shape.

Note that the preaccelerating electrode and the focusing electrode of the
electrostatic tube are missing and instead an electrode called the “screen
grid”” is used. This is held at a fixed positive voltage, usually 250 volts,

Base

. Secreen grid (Grid No. 2) (Gz)

. Accelerating electrode (anode) (A)
. Focusing coil

. Deflection yoke

SO WO

F1a. 2-9. Typical cathode-ray tube with magnetic focusing and deflection.

of A. B. Du Mont Laboratories, Inc.)

. Control electrode (Grid No. 1) (G,)

. Anode conductive coating
. Anode terminal

. Fluorescent screen

. Ceramic gun support

. Mount support spider

. Getter

(Courtesy

with respect to the cathode and allows the tube to be operated over a
wide range of accelerating voltages without appreciably changing the
control-grid characteristics of the tube.
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2-6. Charges in a Cathode-ray Tube. There is the likelihood of the
accumulation of electrons on the surface of the glass in a cathode-ray tube.
If these charges are not symmetrically distributed, they may cause spuri-
ous deflections of the electron beam. In order to assist in the removal of
undesirable stray charges, the inside surface of the glass envelope of most
tubes is given a coating of a conducting material, which is then electrically
connected to the second anode (Figs. 2-7 and 2-9). Usually an aqueous
solution of graphite, known as aquadag or dizonac, is used. In some mag-
netic tubes the anode is dispensed with entirely, the conducting coating
on the glass walls being used as the final accelerating electrode.

Since both the screen material and the uncoated portion of the glass
envelope are good electrical insulators, what happens when the electron
beam strikes the screen? The answer is found in the secondary-emission
properties (Sec. 3-13) of the screen material and the glass on which it is
deposited. For the materials usually employed, between one and two
secondary electrons are emitted for each incident electron. However, in
the equilibrium state as many electrons must leave the screen as reach it.
Experimentally, it is found that for low beam current densities the screen
acquires a potential of 1 or 2 volts positive with respect to the second
anode. Thus, although more secondary electrons are emitted than the
number contained in the primary beam, not all of these can surmount
the retarding field between the screen and the second anode and some
will return to the screen. Thus, the equilibrium condition of zero net
current to the screen is attained.

If the current density in the beam is high, then the screen potential is
found® to be at a few volts below the anode potential. However, the
secondary electrons are still subjected to a retarding field because under
this condition there exists a potential minimum due to the space charge in
the beam (Sec. 4-3).

In addition to electrons, many types of negaiive ions (oxygen, carbon,
chlorine, etc.) have been discovered® in the cathode-ray tube. The chief
source of these ions is the oxide-coated cathode. In Sec. 2-4 it is shown
that the deflection due to a magnetic field varies as (¢/m)?, where m is the
mass of the particle. Since these ions are thousands of times heavier than
the electron, they are deflected very little and hence they continually
strike a small area at the center of the screen. This soon results in the
appearance of a dark stain or blemish. This “ion burn’’ is found princi-
pally in tubes with electrostatic focusing and magnetic deflection. If
magnetic focusing is used, then the coil current for proper focusing
depends upon the mass of the particle. If the electron beam is focused,
then the ions are not in focus and they spread out over a considerable
portion of the screen. Hence, the concentration is usually not great
enough to cause a severe ion burn.
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It is shown in Sec. 2-1 that the electrostatic deflection of a particle is
independent of e/m. Hence, in a tube with electrostatic focusing and
electrostatic deflection the ions travel with the electrons. The ions are
not concentrated at the center of the screen and do not produce an ion
burn.

In order to avoid this ion difficulty, several forms of “ion trap’ have
been invented.'® The simplest of these uses an electron gun inclined at
an angle of about 30 deg with respect to the tube axis. A magnetic field
transverse to the gun bends the electrons back to the axis but (because of
their much greater mass) has very little effect on the ions so that they
strike the ion trap and do not get to the screen. »

In some tubes a thin aluminum film!" is deposited over the screen after
the fluorescent material has been put on the glass. It is found that a
film of the proper thickness is nearly opaque to ions and hence an ion
trap may not be needed. At the velocities encountered in television tubes
the electrons, on the other hand, can pass through the thin metal foil
with little loss in energy. Furthermore, the aluminum backing acts as a
mirror and reflects the light from the bombarded side of the screen which
would otherwise travel toward the rear of the tube. Hence, an alumi-
nized screen can give an improvement in brightness (by a factor of about
2 for an anode voltage of 12 kv) over that of a nonaluminized screen.
Also, the foil is connected to the second anode and hence serves as a
return path for the electrons striking the screen (independent of the
secondary-emission properties of the screen).

2-7. Sweep Action in a Cathode-ray Tube. An electrostatic tubé has
two sets of deflecting plates which are at right angles to each other in
space (as indicated in Figs. 2-6 and 2-7). These plates are referred to as
the vertical and horizontal plates because the tube is oriented in space so
that the potentials applied to these plates
result in vertical and horizontal deflec-

tions, respectively. The reason for
having two sets of plates will now be

° r 2er 37 / Time discussed.
Suppose that the saw-tooth wave form

of Fig. 2-10 is impressed across the hori-
Fia. 2-10. Sweep voltage for a  goptal plates. Since this voltage is used
cathode-ray tube.
to sweep the electron beam across the
screen, it is called a sweep voltage. The electrons are deflected linearly
with time in the horizontal direction for a time 7. Then the beam
returns to its starting point on the sereen very quickly as the saw-tooth
voltage rapidly falls to its initial value at the end of each period.
If a sinusoidal voltage is impressed across the vertical plates when,
simultaneously, the sweep voltage is impressed across the horizontal

Voltage
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plates, the sinusoidal voltage, which of itself gives rise to a vertical line,
will now be spread out and will appear as a sinusoidal trace on the screen.
The pattern will appear stationary only if the time T is equal to or is some
multiple of the time for one cycle of the wave on the vertical plates. It is
then necessary that the frequency of the sweep circuit be adjusted to
synchronize with the frequency of the applied wave.

Actually, of course, the voltage impressed on the vertical plates may
have any wave form. Consequently, a system of this type provides an
almost inertialess oscilloscope for viewing arbitrary wave shapes. Thisis
one of the most common uses for cathode-ray tubes. If a nonrepeating
sweep voltage is applied to the horizontal plates, it is possible to study
transients on the screen. This requires a system for synchronizing the
sweep with the start of the transient.

A magnetic tube has two coils oriented at right angles to perform the
same functions as the two sets of plates in an electrostatic tube.

2-8. Screens for Cathode-ray Tubes.!? Luminescence is the produc-
tion of light by means other than heating (for example, by the bom-
bardment of a screen by electrons). Fluorescence is luminescence during
excitation, and phosphorescence is luminescence after the excitation has
stopped (when the electron beam has been turned off). The phosphores-
cence, or persistence, of a screen material may be classified generally as
short (microseconds), medium (milliseconds), or long (seconds).

Standard cathode-ray tubes are classified with a phosphor code desig-
nation such as P1, P2, etc. The characteristics of some of the most
important phosphors are summarized in Table 2-1.

TABLE 2-1
STANDARD RETMA PHOSPHORS
Designation | Fluorescent | Phosphorescent | Persistence Applications
P1.......... Green Green Medium General-purpose oscil-
lographs
P2........ .. Blue-green Green Long General purpose
P4 ... White Yellow Medium Television picture tube
P7... Blue-white Yellow One short, | Radar and low-speed
one long transients
P11......... Blue Blue Short Photographing high-
speed transients
P16......... Violet and near | Violet and near | Extremely | Flying spot scanner
ultraviolet ultraviolet short

The luminous-output characteristics of the screen will depend upon a
number of factors, such as the beam current, the accelerating voltage (the
product of these two gives the beam power), the size of the spot, the chem-
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ical and physical make-up of the screen, the side from which the screen is
viewed, and the length of time a given area on the screen is bombarded
by the electrons. In a given cathode-ray tube the luminescence can be
altered by varying the energy with which the impinging electrons bom-
bard a given spot on the screen or by controlling the number of electrons
that get to the given area in a given time, i.e., the electron current. To
increase the energy of the impinging electrons, one must increase the
accelerating potential. The beam current is most easily varied by means
of variations of the grid-to-cathode potential.

Strictly speaking, this discussion applies to a stationary beam. If a
pattern exists on the screen, local variations in intensity may result from
variations in the rate of arrival of the electrons at various points on the
screen. This rate is controlled by the wave shape of the potential applied
to the deflecting plates. It is because of this that one talks about a

3 L IR 7o deflecting
R é Focus ) b {6 voltage
iy @; J A D, c
supply | Re2Z0d57) |Anode 2Dy 7
[ rew fn] | 3% Gaw
[0S

A
WWV

R3S

Intensity é A-c supply

Fre. 2-11. Connections for a typical electrostatic high-vacuum cathode-ray tube.

“writing” or “tracing” speed. If the writing rate is too great over a
portion of a curve, this part may not be at all visible on the screen. For
example, with a well-designed sweep circuit, the rapid vertical fall at
the end of each period should not be visible (Fig. 2-10).

2-9. Cathode-ray-tube Connections. The connections for a typical
electrostatic cathode-ray tube are shown in Fig. 2-11. The d-¢ supply for
the accelerating and focusing system is obtained from a thermionic-tube
rectifier. The resistors R,, R, and Rj; represent a voltage divider pro-
viding the correct voltages for operation. Focusing of the beam is accom-
plished by adjusting the ratio between the voltages on anodes 2 and 1.
The magnitude of the voltage on the first focusing electrode is usually
about one-fourth to one-fifth that of the accelerating anode 4,. By vary-
ing the voltage on anode 2, regulation of the spot size and intensity may
be accomplished. If the voltage of anode 2 is increased, the electron
speed is increased, thereby decreasing the spot size and increasing the
intensity. The current, or number of electrons per second, to anode 2
may be increased by decreasing the bias voltage applied to the control
grid. Thus, in an oscilloscope operating at a fixed accelerating voltage
the intensity of the beam is controlled by adjusting the grid voltage.
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Tt is noted that in Fig. 2-11 the final anode and one plate of each set are
grounded. This means that the cathode is below ground by an amount
equal to the accelerating voltage. The chief reason for this arrangement
is that the wave form to be observed is applied to the plates. Hence, to
protect the operator from high-voltage shock when making this connec-
tion, the plates should be near ground potential. Also, the deflecting
voltages are measured with respect to ground and hence high-voltage
blocking capacitors and additional shunt capacitances with respect to
ground are avoided by this connection.

In applications, such as television or radar, where the signal is used to
control the intensity of the picture the operator must have access to the
cathode-grid region of the tube. For reasons of safety in these cases, it is
customary to ground this portion of the circuit. The anodes are then at
high voltages (suitably insulated) with respect to ground.

In tubes using the intensifier principle a separate high-voltage supply is
ordinarily used for the intensifier electrodes.

In Fig. 2-11 one plate of each set is shown internally connected to the
second anode. This reduces by two the relatively large number of exter-
nal connections that must be made to the tube. However, this simplified
design results in the two sets of plates not being independent of one
another. Consequently defocusing of the spot and distortion of the
sweep may result.'* These difficulties are avoided by bringing out each
plate lead separately and applying the deflecting voltages in a balanced
manner; i.e., one plate is driven positively while the other is driven nega-
tively the same amount with respect to ground.

Correction for astigmatism in the electron-optical system is made by
adjusting the average potential of one set of plates with respect to that
of the other. Positioning of the beam in one direction is accomplished
by adjusting the average potential of the corresponding set of plates with
respect to the second-anode potential by means of a d-c bias voltage.
Neither the astigmatism control nor the X or Y positioning controls are
indicated in the simplified diagram of Fig. 2-11.

2-10. Comparison of Electric and Magnetic Tubes. Electric deflec-
tion is used in all oscilloscope applications where operation over a wide
range of frequency is desired. The upper frequency limit (about 10 mega-
cycles) is determined by the capacitance between the deflecting plates
(a few micromicrofarads) and the capacitance of the associated amplifier
and leads. Higher frequencies can be observed by using tubes specially
designed for the purpose and having very small plates brought out directly
through the glass neck to coaxial connectors.

Magnetic deflection has a much smaller band pass (about 10 kc) because
of the inductance of the coils. Thus, the same input voltage at different
frequencies will result in different coil currents and hence different deflec-
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tions. For this reason magnetic deflection is limited essentially to tubes
involving a constant sweep frequency, such as television or radar. (In
these applications the high-frequency signals are applied to the grid or to
the cathode to give intensity variations of the picture.)

Electric focusing is always used with tubes equipped with deflection
plates. Such focusing requires very little power and is an insensitive
function of power-supply variations. This latter characteristic is due to
the fact that the focusing-electrode voltage is obtained from a bleeder
across the accelerating-voltage power supply (Fig. 2-11), and hence these
two voltages will vary in proportion and the spot will stay focused for
small variations in d-c¢ supply.

In a television tube satisfactory picture brightness requires high beam
current and very large values (=2 10 kv) of accelerating voltage E,. It
has proved commercially more economical to obtain the necessary large
deflections under these conditions with a magnetic-deflection tube. [It
should be recalled that electric deflection varies inversely as E, (Eq. 2-3),
whereas magnetic deflection varies inversely as E.} (Eq. 2-10).]

In the past, magnetic focusing was always used with tubes equipped
with deflection coils because no simple and inexpensive electron gun

existed which could give good focus at high

TE“ beam currents. In 1952 this difficulty was

overcome commercially with the develop-

—_ ment of the self-focusing electrostatic

) Q lens,'* and many television picture tubes

- _"S_ '(_' " arenow built with magnetic-deflection and
; 4, electric-focusing elements. The geometry

of this lens is similar to that shown in
Fig. 2-6 and is indicated in Fig. 2-12. By
adjusting the dimensions of this lens prop-
erly it is possible to ground 4, and have
the beam stay in focus for fairly wide vari-
ations in anode voltage E,. Hence, no focusing control is needed with
such a tube, which is a distinct advantage.

For some applications (for example, one type of radar indicator) it is
necessary to have a rotating radial deflection. This is easily obtained
with magnetic deflection since the sweep coil can be rotated mechanically
around the neck of the tube.

2-11. The Magnetic and Mass Spectrographs. The charge, mass, and
velocity of electrons and ions emitted from various sources under different
types of excitation have been determined experimentally by applying
known electric and magnetic fields to regions through which these parti-
cles are directed and studying the subsequent motions. Several appli-
cations of the theory of Sec. 1-11 to these problems will now be given,

Fia. 2-12. Geometry of the self-
focusing electrostatic lens.
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Suppose that PP’ (Fig. 1-7), which is reproduced in Fig. 2-13, is a
photographic plate with a small opening at O through which charged
particles may be introduced into the magnetic field. If the particle is an
electron, it will be deflected to the right as shown (the reader should verify
this by means of the direction rule) and will expose the plate at O’. The
distance 00’ equals the diameter of the circular path, and if ¢/m is known,
v can be calculated with the aid of Eq. (1-35). It is in this way that the
velocity of the electrons emitted from radioactive matter (the g-rays) is
measured.

If, instead of the radioactive substance at O, there is a metal surface
being bombarded by electrons, the velocity of the secondary electrons
emitted can be measured in the manner indicated above. Similarly,
if the surface at O has radiation, either visible or invisible, falling on it,
then the velocity of the emitted photoelectrons can be studied. An appa-
ratus of the type here considered is known as a magnetic spectrograph.

If the particles entering the field at O have a known energy, for example,
if the potential through which they have fallen is known, it is then pos-
sible from the setup of Fig. 2-13 to determine

the mass of the particle, provided that the %Z)gzgz'grﬂb/d

charge of the particle is known. If, therefore, x x x "\v" x

particles possessing the same charge but differ- X oxox_xox X

ing slightly in mass are accelerated through the x ;-3 x

same potential, the photographic plate will [ <N,
. . P— —P

reveal several different spots. It was shown in o 0

essentially this way that most chemical elements Fig. 2-13. The principle of
consist, not entirely of particles of one mass, but ghzc?;ggf;tif or the mass
rather of a mixture of atoms of slightly different P graph.
mass. Atoms of the same element that possess the same electronic charge
and differ but slightly in mass are known as ¢sotopes. The instruments
used to measure the masses of the isotopes that are based upon these
considerations, although they may differ widely in detail, are known as
mass spectrographs.'®

Commercial application has been made of mass spectrographs for the
quantitative and qualitative measurement of the components of gaseous
mixtures'® and for the detection of leaks in large vacuum systems.!” In
the latter application the mass spectrograph is connected to the vacuum
chamber, and a stream of helium is played over the surface of the system
where a leak is suspected. If there actually is a leak at this point, a read-
ing is obtained on an output meter. The mass spectrograph contains an
electron gun for ionizing the helium atoms and a voltage supply for accel-
erating the ions before they enter the magnetic field. The sensitivity of
such a system is claimed to be one part helium to a few hundred thousand
parts air.
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If ions of a known mass and velocity are under consideration, then this
magnetic analysis can be used to determine the charge on the ions. The
method has been used to study the various stages of ionization in a dis-
charge tube.

2-12. The Cyclotron. The principles of Sec. 1-11 were first employed
by Lawrence and Livingston'® to develop an apparatus called a magnetic
resonator or cyclotron. This device imparts very high energies (tens of
millions of electron volts) to positive ions. These high-energy positive
ions are then allowed to bombard some substances which then become
radioactive and generally disintegrate. Because of this, the cyclotron has
popularly become known as an atom smasher.

The basic principles upon which the cyclotron operates are best under-
stood with the aid of Fig. 2-14. The essential elements are the “dees,”
the two halves of a shallow, hollow, metallic ‘“pillbox’’ which has been
split along a diameter as shown; a strong magnetic field which is parallel to
the axis of the dees; and a high-frequency a-c potential applied to the dees.

A moving positive ion released near the center of the dees will be accel-
erated in a semicircle by the action of the magnetic field and will reappear

at point 1 at the edge of dee I. Assume

Dees that dee II is negative at this instant with

Porticle respect to dee I. Then the ion will be

Top orbit  accelerated from point 1 to point 2 across
view (schematic)

the gap and will gain an amount of energy
corresponding to the potential difference
between these two points. Once the ion

oo passes inside the metal dee 11, the electric
High frequency

oscillator field is zero, and the magnetic field causes
it to move in the semicircle from point 2
L North pole I pinsor VO POt 3. If the frequency of the applied

Sid a - ial i i
Side [|: :/i ees a-c potential is such that the potential has

Vocuwm  reversed in the time necessary for the ion
| chamber

to go from point 2 to point 3, then dee I
is now negative with respect to dee II and
the ion will be accelerated across the gap
from point 3 to point 4. With the frequency of the accelerating voltage
properly adjusted to this ‘“resonance’ value, the ion continues to receive
pulses of energy corresponding to this difference of potential again and
again.

Thus, after each half revolution the ion gains energy from the electric
field, resulting, of course, in an increased velocity. The radius of each
semicircle is then larger than the preceding one, in accordance with Eq.
(1-35), so that the path described by the whirling ion will approximate a
planar spiral. :

l South pole
Fia. 2-14. The cyclotron principle.
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Ezample. Suppose that the oscillator that supplies the power to the dees of a given
cyclotron imparts 50,000 volts to heavy hydrogen atoms (deuterons), each of atomic
number 1 and atomic weight 2.0147, at each passage of the ions across the accelerating
gap. Calculate the magnetic-field intensity, the frequency of the oscillator, and the
time that it will take for an ion introduced at the center of the chamber to emerge at
the rim of the dee with an energy of 5 million electron volts (5 Mev). Assume that the
radius of the last semicircle is 15 in.

Solution. The mass of the deuteron is

m = 2.01 X 1.66 X 1072 = 3.34 X 1072" kg
The velocity of the 5-Mev ions is given by the energy equation

Tmw? = (5 X 10%)(1.60 X 1071%) = 8.00 X 107 joule

or
2 X 8.00 X 1072
T332 X 107

The magnetic field, given by Eq. (1-35),

= 2.20 X 107 m/sec

L (334X 100220 X 1070 _ ,
B =R = {60 X 10-1%)(15 X 2.54 X 0.01) ~ 120 webers/m

is needed in order to bring these ions to the edge of the dees.
The frequency of the oscillator must be equal to the reciprocal of the time of revolu-
tion of the ion. This is, from Eq. (1-37),

jo L eB 160 X107 X 1.20
T T T 2rm 2w X 3.34 X 107%
9.15 X 10% cps = 9.15 megacycles/sec

Since the ions receive 5 Mev energy from the oscillator in 50-kv steps, they must
pass across the accelerating gap 100 times. That is, the ion must make 50 complete
revolutions in order to gain the full energy. Thus, from Eq. (1-37), the time of flight is

t =507 = %}i—oﬁ = 5.47 X 107% sec

In order to produce a uniform magnetic field of 1.2 webers/m? over a circular area
whose radius is at least 15 in., with an air gap approximately 6 in. wide, an enormous
magnet is required, the weight of such a magnet being of the order of 60 tons. Also,
the design of a 50-kv oscillator for these high frequencies and the method of coupling
it to the dees present some difficulties, since the dees are in a vacuum-tight chamber.
Turther, means must be provided for introducing the ions into the region at the center
of the dees and also for removing the high-energy particles from the chamber, if
desired, or for directing them against a target.

The bombardment of the elements with the high-energy protons, deu-
terons, or helium nuclei which are normally used in the cyclotrons renders
the bombarded elements radioactive. These radioactive elements are of
the utmost importance to physicists, since they permit a glimpse into the
constitution of nuclei. They are likewise of extreme importance in medi-
cal research, since they offer a substitute for radium. Radioactive sub-
stances can be followed through any physical or chemical changes by
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observing their emitted radiations. This “tracer’” or ‘‘tagged-atom”
technique is used in industry, medicine, physiology, and biology.

It is shown in Sec. 1-8 that if an electron falls through a potential of
more than 3 kv a relativistic mass correction must be made, indicating
that its mass increases with its energy. Thus, if electrons were used in a
cyclotron, their angular velocity would decrease as their energy increased,
and they would soon fall out of step with the high-frequency field. For
this reason electrons are not introduced into the cyclotron.

For positive ions whose mass is several thousand times that of the elec-
tron the relativistic correction becomes appreciable when energies of a few
tens of millions of electron volts are reached. For greater energies than
these the ions will start to make their trip through the dees at a slower
rate and slip behind in phase with respect to the electric field. This diffi-
culty is overcome in the synchro-cyclotron or f-m cyclotron by decreasing
the frequency of the oscillator (frequency modulation) in accordance with
the decrease in the angular velocity of the ion. With such an f-m cyclo-
tron, deuterons, a particles, and protons have been accelerated to several
hundred million electron volts.!?

It is possible to give particles energies in excess of those for which the
relativistic correction is important even if the oscillator frequency is fixed,
provided that the magnetic field is slowly increased in step with the
increase in the mass of the ions so as to maintain a constant angular
velocity. Such an instrument is called a synchrotron. The particles are
injected from a gun, which gives them a velocity approaching that of
light. Since the radius of the orbit is given by R = mv/Be and since
the ratio m/B is kept constant and v changes very little, there is not
much of an increase in the orbit as the energy of the electron increases.
The vacuum chamber is built in the form of a ‘““doughnut’ instead of
the cyclotron “pillbox.” The magnet has the form of a hollow cylinder
since there is need for a magnetic field only transverse to the path. This
results in a great saving in weight and expense. The dees of the cyclotron
are replaced by a single-cavity resonator. Electrons have been acceler-
ated to 70 Mev®® and protons to several billion electron volts (Bev)?! in
synchrotrons. The larger the number of revolutions the particles make,
the higher will be their energy. The defocusing of the beam limits the
number of allowable cycles. With the discovery of alternating-gradient
magnetic-field focusing,?* higher-energy particle accelerators are expected.
A general discussion of cyclotrons and problems and trends in their
design in 1956 is given in Ref. 23.

2-13. The Betatron.>* In Sec. 1-11 it is shown that no energy can be
gained by a particle in a magnetic field that is constant in time. How-
ever the situation is completely different if the field changes with time.
Consider an electron moving with a speed » in a magnetic field whose
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instantaneous value is Bo. If the rate of change of the magnetic field is
small compared with the time required for the electron to traverse its
path, this path will be almost circular, with a radius ro, where

my

To = ;B—O (2-1 1)
An amount of flux ® (webers) is enclosed by the electron in traversing this
path, and as this flux is changing with time, an emf equal to d®/dt (volts)
is induced, in accordance with Faraday’s law of induction. From the
definition of potential (Sec. 1-4) it follows that an effective tangential
electric field & must exist around the circumference of the circle of radius rq
and that the emf must equal 2xr¢8. Hence & is given by

1 d®

8= e di

(2-12)
Since the energy of the particle increases as it traverses its orbit, the
tangential velocity will change, and as a result the radius will change.
A particle in such a field will spiral out-
ward as the magnetic field increases,
picking up energy as it continues in its
path. However, if the radial variation
of the magnetic field is properly chosen,
the radius r, of the electron orbit can be
made to remain unchanged. If the

Stable orbit

Vacuum
doughnut

Electron gun

. 3 . t
magnetic-field intensity were constant South pole f,,‘e;g;%b
in space, then the total flux included 2/#; :9/'5/’}'

within the orbit would be & = #7r¢’Bo.  side ( I Stable orbit
01

It turns out that in order to have a View

Vacvum

stable path the flux density must be dovghnut
nonuniform in such a manner that the North pole Mognetic field
total flux must equal just twice the psbaetiod

above value. This principle is referred g4 2.15. The betatron principle.
to as the 1:2 condition for orbit stability

and is satisfied by having a strong central field and a tapered weaker field
at the electron orbit.

The concepts discussed above are made use of in the betatron®* invented
by Kerst. The essential features of the betatron are shown in Fig. 2-15.
The particles are injected into the doughnut-shaped vacuum chamber
from an electron gun at energies of about 50 kv, near the equilibrium
orbit. This gun is triggered for a few microseconds at the beginning of
each cycle of the magnetic field. The electrons are accelerated during the
time the magnetic field passes from zero to its peak value, or one-quarter
of the cycle of the field current. If the electrons were to remain in the
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tube during the second quarter cycle when the field is decreasing, they
would be decelerated and would give up their energy. They must be
removed before this happens, which requires destroying the 1:2 condition,
in order to have the electrons leave the equilibrium orbit. It is accom-
plished by applying a short pulse to an auxiliary system of coils on the
pole faces at the end of the first quarter cycle. This disturbance causes
the electrons to spiral away from their orbit and hit a tungsten target,
which then emits very penetrating X rays. The betatron is used as an
X-ray tube for radiographing metal sections several feet thick.

It is customary now to apply a steady d-c biasing field which is equal to
the peak value of the a-c¢ field. The electrons are injected when the d-c¢
and a-c fields cancel each other, and they remain in the accelerating
chamber for one-half cycle (from peak to peak) instead of one-quarter
cycle. Consequently the energy possible with the biased betatron is
twice that of the unbiased type.

Ezample. The diameter of the orbit of an unbiased betatron is 66 in. The peak
flux density at the orbit is 0.4 weber/m2.  The magnetic field varies at a 60-cycle rate.

a. What is the maximum energy acquired by the electrons?

b. What is the average energy imparted to an electron in each trip around the
doughnut?

¢. How many revolutions does the electron make?

d. What is the average transit time of the electron?

Solution. a. The energy is given by the relativistic equation (1-22),

eV = me? — moc?

and hence we must first find the maximum mass of the electron. From Eq. (2-11) the
maximum momentum is

my = eByry
and from Eq. (1-23)
m= —
V1 = w2/
so that
mev

N

If the abbreviation 8 = v/¢ is introduced, then

= eBoTa (2—13)

B _ eBoro _ (1.76 X 10')(0.4)(33 X 2.54 X 107%)

V1 — gt moc 3 X 108 = 197

Solving for 8, a value very close to unity is obtained. Thus, the maximum electronic
velocity is almost exactly equal to the velocity of light.
Putting 8 = 1 in the numerator of the above equation gives

1

vi—e



APPLICATIONS OF MOTION OF PARTICLES 51

and from Eq. (1-23) this equals m/mo. Hence, the mass of the electron after accelera-
tion is 197 times its mass at injection! Its final energy is

me? — moc? _ moc?

V= (197 — 1)
e e
9 X 108 X 196
= T1.76 x 1ou_ — 10%ev, or 100 Mev

b. The energy in electron volts given to the electron per trip around the doughnut is
d®/dt. The average value of this is the peak flux divided by the time it takes the flux
to build up to this maximum value, which in this example is one-quarter of a cycle.
By the 1:2 condition the peak flux is

2r70?By = 2r(33 X 2.54 X 1072)2(0.4) = 1.80 webers

and the time the flux takes to reach this valueis ¥ X g%y = z+gsec. Hence, the aver-
age voltage per trip is 1.80 X 240 = 430 volts. Since the flux varies sinusoidally with
time, the voltage per trip varies from revolution to revolution. It is a maximum at
injection and drops to zero at the end of the electronic journey. The average voltage
per trip is the 430 volts calculated above.

¢. The number of revolutions made by each electron during its acceleration cycle is

108 volts

‘mi—p = 230,000 revolutions

d. The average transit time is the

1 1 .
= = -8
(240 sec) (230,000 revolutions) 1.79 X 107% sec /revolution

The transit time per revolution remains almost constant throughout the electron’s
journey. This can be seen as follows: As soon as the electron acquires an energy of
1 Meyv, its velocity is 94 per cent that of light. Hence, as its energy increases from 1 to
100 Meyv, its velocity changes by only 6 per cent (the increased energy manifesting
itself in an increased mass rather than an increased speed). The transit time is given
by 2xry/v, and since ro and v are almost constant, so is the time. For example, the
transit time at the end of its journey is

2rro _ 2r(33 X 2.54 X 1072)

P 3% 108 = 1.75 X 1078 sec

which agrees well with the average time calculated above.

The above illustrative example applies to the General Electric Co.25
100-Mev betatron. The steel in the magnet of this instrument weighs
130 tons! It is of some interest to note that it is desirable to correct for
the poor power factor which exists because the magnet is such a large
inductive load. A tremendous bank of capacitors is used for this purpose.
These constitute a large fraction of the total cost and space.

Since the electrons make 230,000 revolutions, then the effects of the
mutual repulsions of the electrons and the scattering of the electrons by
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residual gases must be counterbalanced. It has been shown?¢ that proper
focusing can be obtained if the magnetic-field intensity in the region of
the orbit varies as 1/r, where 0 < n < 1, provided that the field at the
center of the magnet is so chosen as to satisfy the 1:2 condition.

In the synchrotron discussed in Sec. 2-12 the magnetic field varies with
time, and hence some betatron action takes place in this instrument also.

2-14. The Magnetron. Consider a long, straight filament of radius
r; and a coaxial cylindrical plate of radius r, which is maintained at a
positive potential E;, with respect to the cathode. Assume that the elec-
trons that leave the filament do so with zero initial velocities. A mag-
netic field parallel to the axis of the filament is superposed upon the
electric field. This is the so-called magnetron arrangement, first intro-
duced by Hull.?” This longitudinal mag-
netic field may be obtained by placing a long
solenoid directly over the tube, the strength
of the magnetic field being varied by control-
ling the current through the solenoid.

The electronic paths will now be investi-
gated qualitatively. Suppose the magnetic

] field is reduced to zero. The electron starts
iF[;IGé 2;2;;335;“;53“:;5;3} from rest at the cathode and is accelerated
values of magnetic field. radially outward toward the plate by the elec-

tric field. If a weak magnetic field is present,
the electronic path will be curved, although the electron will strike the
plate. These conditions are illustrated in Fig. 2-16.

As the field is further increased, the path becomes more and more
curved until a critical value B, is reached, when the electronic path
becomes tangent to the plate. If the field is increased beyond this value,
the electron does not strike the plate at all but instead returns to the
filament.

A quantitative analysis of this problem leads to the following expression
involving the critical field:

2,0 2 2\ 2
H, = BCSZ" (1 - :’°2> (2-14)

Assume that a fixed potential E, is applied between the cathode and the
anode and that the plate current is read as a function of the applied mag-
netic field. If B is less than the critical value B, given by Eq. (2-14), the
plate current should be unaffected, whereas for values of B greater than
B. the current should suddenly drop to zero, as illustrated by the curve of
Fig. 2-17a. Since a reversal of the direction of the magnetic field simply
reverses the direction of travel of the electrons about the tube axis, the
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same current should be obtained for a given positive value of B as for an
equal negative value of B as observed in Fig. 2-17.

In a practical tube the plate-current cutoff will not take place abruptly
at a definite value B, of magnetic field but will resemble that shown in
Fig. 2-17b. This curve results
mainly from the fact that the com-
mercial tubes do not possess the ideal
geometrical arrangement assumed in I <
the mathematical discussion; that is, : o ta)
the cathode may not be coaxial with (b
the anode and the plate is not a per- ‘
fect cylinder. The theory assumes L l Magnetic
an infinitely long emitter and collec- B 0 B, feld
tor, a condition never satisfied in a Fie. 2-17. Magnetron characteristics.
commercial tube, although it can be Xlgtusldeal plate-current curve. (b)
approximated by using special tubes ’
with “guard rings.” Also, if the tube contains an appreciable amount
of gas, the plate-current characteristic will deviate appreciably from the
ideal curve.

Very little practical use has been made of the static magnetron dis-
cussed here. However, it has been found that, if the anode is formed
into a series of resonant cavities, the tube will perform efficiently as a very-
high-power oscillator of centimeter waves (microwaves).?® One most
important application of such tubes is in radar systems.

2-15. Velocity Modulation and Bunching.'??® All electrons leaving an
electron gun have approximately the same velocity, that corresponding
to the anode voltage. If they then pass through a region known as the
buncher in which the potential varies with time, they will emerge from
this second region with a speed that will depend upon the energy that they
have acquired. Each electron will have a slightly different velocity from
the preceding one, and the beam is said to be velocity modulated.

If the modulated beam is allowed to drift in a field-free space, then it is
possible for a fast-moving electron to catch up with a slower-moving one
that left the modulating region at some earlier time. The density of the
electron stream will then no longer be uniform with distance along the
drift space, and the beam is said to be density modulated. 1t is possible
for this modulation to be intense enough for the electrons to form in
bunches along the drift space. This process is called bunching.

These principles are made use of in the klystron, a microwave oscillator.
The general characteristics of the modulating portion of such a tube are
illustrated in Fig. 2-18. A quantitative discussion of the processes men-
tioned above follows.

Plate current
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The effect of a superimposed a-¢ buncher potential on the d-c gun volt-
age is to give the electrons a speed v as follows:

imv? = e(E, + E, sin wt) (2-15)

where w is the angular frequency of the a-c buncher potential. It is

assumed that the buncher grids are

s0 close together that the electrons

| | pass through this regiQn in a time

Corhode i i ': very short compa'l,red with one cycle

_ H | : ; of th.e modulating voltage. The

By By sinwt velocity of the electron at the
buncher entrance is

[ Buncher Cotcher:

Drift space

Y

Fiac. 2-18. A schematic of a klystron,

showing the cathode, the buncher, the el
drift space, and the catcher. Vo = \/ ¢ (2-16)
m
and the expression for the velocity beyond the buncher is
v = 2oV 1 + asin wt (2-17)

where « is the ratio E,/E,. It is possible in principle for a to be greater
than unity, although velocity-modulation tubes ordinarily operate with
a much less than 1.

Subject to the limitations that « is small, the expression under the
square-root sign may be expanded by the binomial expansion, and we find
that v is approximately given by

v = g <1 + % sin wt> (2-18)

We see clearly that the electrons are velocity modulated at the buncher
frequency.

At a distance [ from the buncher along the drift tube there is a second
pair of grids, called the catcher. The time of arrival ¢, at the catcher of
an electron that passed the buncher at the time ¢, is

b=t (2-19)

or, from Eq. (2-18),
l
vo[l + (a/2) sin wti]

Upon expanding the denominator there results, to the same approxima-
tion as before,

to =t +

o = t1 + D_lo<1 — % sin wt1> (2—20)



APPLICATIONS OF MOTION OF PARTICLES 55

It is convenient to multiply this equation by w, and then all transit times
are converted into transit angles. Introducing

71 = wh To = wls To = ;—)g rad (2-21)

0
where 7, is called the departure angle, 75 the arrival angle, and o the transit
angle of an electron passing through the buncher when the modulating voltage

18 zero, and

k= gvﬁl = 2w FE l;)l = bunching parameter (2-22)
0 “at0

the above equation takes the form
To = T1 + Ty — k sin T1 ra,d (2-23)

This equation is most important in bunching theory. Its significance
can be seen by plotting 7. as a function of 7, for various values of the

T2 T2

T2
©
e
o
£
| =
K=
| =
{ &
7 |
I I ol
-3-2-1 01 2 3|32t 01 2 3|-3-2-4 0 1 2 3
Departure time, 7y rad. Deporture time, 7y rad. Departure time, 7 rod.
(a) k=0 (&) k=05 (e) k=10

Fia. 2-19. Arrival time as a function of departure time (in radians). These curves
illustrate the formation of a bunch.
parameter k. In Fig. 2-19a, k¥ = 0, which means that there is no modu-
lation. We see that a group of electrons arriving in the angular interval
dr, came from an angular interval of equal size, namely, dr1 = dr.. This
means that the catcher current equals the buncher current and there is
no bunching, an obviously correct conclusion since the modulation is zero.
In Fig. 2-19b, k = 0.5, the same-size arrival interval dr, is taken, but
it is seen that the interval from which the electrons departed depends
upon the time 7;. In the vicinity of the zero reference angle (region A)
electrons are collected from a longer interval, dry > drs (as a matter of
fact, dr;y = 2 dr,). This means that the catcher current is greater than
the buncher current, or that a bunch is being formed. Physically, this
comes about because the faster electrons are catching up with the slower
ones which left at an earlier time. In region B, however, dry < drs, which
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means a smaller catcher current than buncher current. It should be clear
that a plot of catcher current vs. time has a peak (greater than the
electron-gun current) near the zero reference time and tapers off on both
sides to a value below the beam current, as shown in Fig. 2-20.
In Fig. 2-19¢, k = 1.0, the same-size arrival interval dr; is again taken.
It is now seen that, near the origin, the electrons are collected from a very
large interval dry, that is, dri >> dr».
7o infinity This condition represents a very
large catcher current. As a matter

5 of fact, if the interval dr, were taken

4. very, very small (approaching zero),

I,/ Ty electrons would still be collected

34 from a nonzero interval dr, or a finite

number of electrons would be col-

2 k=10 lected inan infinitesimal time. Since

1 k=f’f 0 current is charge per unit time, this

— \KE corresponds to an infinite current, as
-3 -2 o0 1 2 37 The bunching parameter k may be
Arrival time T, -7, radians greater than unity. An analysis of

Fre. 2-20. Qatcher current as a function  this situation shows that electrons
of arrival time. collected in a time dr, may have left
the buncher in several discrete time intervals and that the current may
contain more than one infinite peak.

The above considerations can be made quantitative as follows: If I, is
the buncher current, then I, dt; is the charge leaving the buncher in the
interval dt,. If I, is the catcher current, then I df, is the charge entering
the catcher in the interval dét;. However, all electrons departing in the
interval dt; arrive in the time dt,, and hence, since there must be conser-
vation of charge,

I dity = I, dt,

or, since the buncher current is constant and equal to the d-¢ beam
current 7o,

. dh 9.¢
In= Ly, (2-24)
From Eq. (2-23) this becomes
L1 (2-25)

To 1 —Fkecosn

This equation clearly shows the infinite value of I, at 7y = O for k = 1.
The value of I as a function of 7; has no great significance, but I, vs. 72
is desired. This relationship cannot be obtained analytically since it
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requires solving the transcendental equation (2-23) for 7; in terms of 7,.
The graphs of Fig. 2-20 are obtained by assuming a value of 71 and then
solving for r; from Eq. (2-23) and for I,/I, from Eq. (2-25).
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CHAPTER 3

METALS AND SEMICONDUCTORS

IN THIS chapter we present physical ‘““pictures’ of the inside of a metal
and a semiconductor. The nature of conduction in a solid and the laws
governing the emission of electrons from the surface of a metal are
considered.

3-1. Free Electrons in Metals. X-ray and other studies reveal that
most metals and semiconductors are crystalline in structure. A crystal
consists of a space array of atoms or
molecules (strictly speaking, ions)
built up by regular repetition in three
dimensions of some fundamental
structural unit. Ina metal the outer
electrons of the atom are as much
associated with one ion as with an-
other, so that the electron attach-
ment to any individual atom is prac-
tically zero. Depending upon the
metal, at least one and sometimes
two or three electrons per atom are
free to move throughout the interior
of the metal under the action of
applied forces.

Figure 3-1 shows the charge distri-
L bution within a metal, specifically,

012345 sodium. The plus signs represent

TAUNTS  the heavy positive sodium nuclei of

Fia. 3-1. Arrangement of the sodium the individual atoms. The heavily
?t;ngh;?kle?,le 0 pjla;l;l. ?thyg:e . 0’:“;?;; shaded regions represent the elec-
1939.) trons in the sodium atom that are
tightly bound to the nucleus. These

are inappreciably disturbed as the atoms come together to form the metal.
The light shading represents the outer, or valence, electrons in the atom;
and it is these electrons that cannot be said to belong to any particular

atom. Instead, they have completely lost their individuality and can
60
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wander freely about from atom to atom in the metal. Thus a metal is
visualized as a region containing a periodic three-dimensional array of
heavy, tightly bound ions permeated with a swarm of electrons that may
move about quite freely. This picture is known as the “electron-gas”’
description of a metal.

3-2. Mobility and Conductivity. According tothe electron-gastheory of
a metal, the electrons are in continuous motion, the direction of flight being
changed at each collision with the heavy (almost stationary) ions. The
average distance between collisions is called the mean free path. Since
the motion is random, then, on an average, there will be as many elec-
trons passing through unit area in the metal in any direction as in the
opposite direction in a given time. Hence, the average current is zero.

Let us now see how the situation is changed if a constant electric field
of magnitude & volts per meter is applied to the metal. As a result of
this electrostatic force the electrons would be accelerated and the velocity
would increase indefinitely with time, were it not for the collisions with
the ions. However, at each inelastic collision with an ion an electron
loses energy, and a steady-state condition is reached where a finite value
of drift speed v is attained. This drift velocity is in the direction opposite
to that of the electric field, and its magnitude is proportional to &. Thus,

v = ué 3-1)

where p square meters per volt-second is called the mobility of the
electrons.

According to the above theory, a steady-state drift speed has been
superimposed upon the random thermal motion of the electrons. Such a
directed flow of electrons constitutes a current. If the concentration of
free electrons is n electrons per cubic meter, then the current density J
amperes per square meter is (Sec. 1-10)

J = nev = neu& = o8 3-2)
where
¢ = neu (ohm-meter)—! (3-3)

is the conductivity of the metal. Equation (3-2) is recognized as Ohm’s
law: namely, the conduction current is proportional to the applied volt-
age. As already mentioned, the energy which the electrons acquire from
the applied field is, as a result of collisions, given to the lattice ions.
Hence, power is dissipated within the metal by the electrons, and the
power density (Joule heat) is given by J& = ¢82 watts per cubic meter.
3-3. The Energy Method of Analyzing the Motion of a Particle. A
method is considered in Chap. 1 by which the motion of charged particles
may be analyzed. It consists of the solution of Newton’s second law in
which the forces of electric and magnetic origin are equated to the product
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of the mass and the acceleration of the particle. Obviously, this method
is not applicable when the forces are as complicated as they must be in a
metal. Furthermore, it is neither possible nor desirable to consider what
happens to each individual electron.

It is necessary, therefore, to consider an alternative approach. This
method employs the law of the conservation of energy, use being made of
the potential-energy curve corresponding to the field of force. The prin-
ciples involved may best be understood by considering specific examples
of the method.

Ezample. An idealized diode consists of plane-parallel electrodes, 5 cm apart.
The anode 4 is maintained 10 volts negative with respect to the cathode K. An elec-
tron leaves the cathode with an initial energy of 2ev. What is the maximum distance
it can travel from the cathode?

Potential Energy
Potential
energy U,
o
— 1 2L Total energy W
Ii <—-—-—5cm——>1A P,
o Distance x |P° S
K S5cm A
- Xop le—*
=10
volts
(a) (5)

F1e. 3-2. Illustration of the potential-energy barrier encountered by an electron in a
retarding field.

Solution. This problem will be analyzed by the energy method. Figure 3-2¢ is a
linear plot of potential vs. distance, and in Fig. 3-2b is indicated the corresponding
potential energy vs. distance. Since potential is the potential energy per unit charge
(Sec. 1-4), curve b is obtained from curve a by multiplying each ordinate by the charge
on the electron (a negative number). Since the total energy W of the electron remains
constant, it is represented as a horizontal line. The kinetic energy at any distance z
equals the difference between the total energy W and the potential energy U at this
point. This difference is greatest at O, indicating that the kinetic energy is a maxi-
mum when the electron leaves the cathode. At the point P this difference is zero,
which means that no kinetic energy exists, so that the particle is at rest at this point.
This distance, z, is the maximum that the electron can travel from the cathode. At
point P it comes momentarily to rest and then reverses its motion and returns to the
cathode. From geometry it is seen that z,/5 = % or 2 = 1 cm.

Consider a point such as S which is at a greater distance than 1 cm from the cathode.
Here the total energy @S is less than the potential energy RS, so that the difference,
which represents the kinetic energy, is negative. This is an impossible physical condi-
tion, however, since negative kinetic energy (Fmv? < 0) implies an imaginary velocity.
We must conclude that the particle can never advance a distance greater than OP’
from the cathode.

The foregoing analysis leads to the very important conclusion that the shaded por-
tion of Fig. 3-2b can never be penetrated by the electron. Thus, at point P the particle
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acts as if it had collided with a solid wall, hill, or barrier and the direction of its flight
had been altered. Polential energy barriers of this sort will play important roles in the
analyses to follow.

It must be emphasized that the words ““collides with”” or “rebounds from” a poten-
tial “hill”’ are convenient descriptive phrases and that an actual encounter between
two material bodies is not implied.

As a second illustration, consider a mathematical pendulum of length [,
consisting of a “point” bob of mass m that is free to swing in the earth’s
gravitational field. If the lowest point of the swing (point O, Fig. 3-3) is
chosen as the origin, then the potential energy of the mass at any point P
corresponding to any angle 8 of the swing is given by

U = mgy = mgl(1 — cos 6) (3-4)

where ¢ is the acceleration of gravity. This potential-energy function is
illustrated graphically in Fig. 3-4.
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Fia. 3-3. Point P repre- Fic. 3-4. The potential energy of the
sents the mass m of a bob in Fig. 3-3 plotted as a function of
mathematical pendulum the angle of swing.

swinging in the earth’s

gravitational field.

Consider the resultant motion of the bob if it is given a potential
energy U, by raising it through an angle 6, and releasing it with zero
initial velocity. If dissipation is neglected, the particle will swing back
and forth through the angle 26,, going from #; on one side to 6, on the
other side of the vertical axis. How might we analyze the motion of the
physical system if only the potential-energy field of Fig. 3-4 were given
without specifying the physical character of the system?

The procedure is the same as that followed in the simple diode problem
considered above. A horizontal line aebc is drawn at a height equal to the
total energy W, of the particle. At any point, such as e, the total energy
is represented by eg = Wi, and the potential energy is represented by fg.
The difference between these two, namely, ef, represents the kinetic
energy of the particle when the angle of swing, given by the intercept
of eg on the axis, corresponds to Og. In other words, the difference
between the total-energy line and the potential-energy curve at any angle
represents the kinetic energy of the particle under these conditions. This
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difference is greatest at O, indicating that the kinetic energy is a maxi-
mum at the bottom of the swing, an almost evident result. At the
points @ and b this difference is zero. This condition means that no
kinetic energy exists, or that the particle is at rest at these points.
This result is evident, since corresponding to the points a (8 = 6,) and
b (6 = —8,), the particle is about to reverse its motion.

Consider a point in the shaded region outside the range —8, to +4,,
such as h. Here the total energy ch is less than the potential energy dh.
This impossible condition is interpreted by our previous reasoning to
mean that the particle whose total energy is W, can never swing to the
angle Oh, so that the motion must be confined to the region ab. The
shaded portions of Fig. 3-4 represent the potential barrier which can
never be penetrated by the bob, if its total energy is no greater than W,.
This type of constrained motion about a point O is closely analogous to
that of the so-called “bound’ electrons in a metal, as will be seen later.

Now consider the case when the bob has a total energy equal to W,
which is greater than the maximum of the potential-energy curve.
Clearly from Fig. 3-4 the horizontal line corresponding to this energy
cannot intersect the curve at any point. Consequently, the particle does
not ‘“collide” with the potential barrier, and its course is never altered,
so that it moves through an ever-increasing angle. Of course, its kinetic
energy varies over wide limits, being maximum for 8 = 0, 2r, 4, . . .
and minimum for § = =, 3w, 57, . . . . Physically, this type of motion
results when the bob has enough energy to set it spinning completely
around in a circular path. This type of motion is somewhat analogous
to that experienced by the so-called ‘“free’” electrons in a metal.

This simple but powerful energy method facilitates the discussion of
the motion of a particle in a conservative field of force, such as that
found in the body of a metal. It will also be applied to many other
types of problem. For example, the method of analysis just considered
is extremely useful in determining whether electrons will possess suf-
ficient energy to pass through grids and reach the various electrodes in a
vacuum tube, whether or not electrons or ions will be able to penetrate
electron clouds in a vacuum tube or ion sheaths in a gaseous-discharge
tube, and whether charge carriers can cross a semiconductor junction.
This method will now be applied to the analysis of the motion of elec-
trons in metals.

3-4. The Potential-energy Field in a Metal. It is desired to set up the
potential-energy field for the three-dimensional array of atoms that exists
in the interior of a metal and to discuss the motion of electrons in this field.
The resultant potential energy at any point in the metal is simply the sum
of the potential energies produced at this point by all the ions of the
lattice. To determine the potential energy due to one ion, it is noted that
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an atom of atomic number Z has a net positive charge Ze on its nucleus.
Surrounding this nucleus is an approximately spherical cloud, or shell, of
Z electrons. By Gauss’s law the potential at a point at a distance r from
the nucleus varies inversely as r and directly as the total charge enclosed
within a sphere of radius r. Since the potential V equals the potential
energy U per unit charge (Sec. 1-4), then U = —eV. The minus sign is
introduced since e represents the magnitude of the (negative) electronic
charge.

The potential of any point may be chosen as the zero reference of
potential because it is only differences of potential that have any physi-

cal significance.

For the present discussion it is convenient to choose
zero potential at infinity, and then the potential at any point in space is

negative. Enough has been said to make plausible the potential-energy
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F1c. 3-5. The potential energy of Fig. 3-6. The potential energy

an electron as a function of radial
distance from an isolated nucleus.

resulting from two nuclei « and 8.

curve illustrated in Fig. 3-5. Here « represents a nucleus, the potential
energy of which is given by the curve aias. The vertical scale repre-
sents U, and the horizontal scale gives the distance r from the nucleus.
It must be emphasized that r represents a radial distance from the nucleus
and hence can be taken in any direction. If the direction is horizontal
but to the left of the nucleus, then the dashed curve represents the
potential energy.

To represent the potential energy at every point in space requires a
four-dimensional picture, three dimensions for the three space coordinates
and a fourth for the potential-energy axis. This difficulty is avoided by
plotting U along some chosen line through the crystal, say through a row
of ions. From this graph and the method by which it is constructed it is
easy to visualize what the potential energy at any other point might be.
In order to build up this picture, consider first two adjacent ions, and
neglect all others. The construction is shown in Fig. 3-6. o is the U
curve for nucleus «, and 8:8: is the corresponding U curve for the adjacent
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nucleus 8. If these were the only nuclei present in the metal, the result-
ant U curve in the region between « and 8 would be the sum of these two
curves, as shown by the dashed curve a;yB: (since ad = ab 4 ac). Itis
seen that the resultant ecurve is very nearly the same as the original curves
in the immediate vicinity of a nucleus, but it is lower and flatter than
either individual curve in the region between the nuclei.

Let us now single out an entire row of nuclei e, 8, v, 8, ¢, . . . from the
metallic lattice (Figs. 3-1 and 3-7) and sketch the potential energy as
we proceed along this line from one nucleus to the other, until the surface
of the metal is reached. Following the same type of construction as
above, but considering the influence of other nearby nuclei, an energy
distribution somewhat as illustrated in Fig. 3-7 is obtained.

According to classical electrostatics, which does not take the atomic
structure into account, the interior of a metal is an equipotential region.

. U
S -
U=0
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Fic. 3-7. The potential-energy distribution within and at the surface of a metal.

Inside of metal
Qurside of metol

The present, more accurate, picture shows that the potential energy varies
appreciably in the immediate neighborhoods of the nuclei and actually
tends to — « in these regions. However, the potential is approximately
constant for the greatest volume of the metal, as indicated by the slowly
varying portions of the diagram in the regions between the ions.

Consider the conditions that exist near the surface of the metal. 1t is
evident, according to the present point of view, that the exact position of
the “surface” cannot be defined. It is located at a small distance from
the last nucleus e in the row. It is to be noted that, since no nuclei exist
to the right of ¢, there can be no lowering and flattening of the potential-
energy curve such as prevails in the region between the nuclei. This
leads to a most important conclusion, viz.: A potential-energy *hill,’ or
“barrier,”’ exists at the surface of the metal.

3-6. Bound and Free Electrons. The motion of an electron in the
potential-energy field of Fig. 3-7 will now be discussed by the method
given in Sec. 3-3. Consider an electron in the metal that possesses a total
energy corresponding to the level A in Fig. 3-7. This electron collides
with, and rebounds from, the potential walls at @ and b. It cannot drift
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very far from the nucleus but can move about only in the neighborhood ab
of the nucleus. Obviously this electron is strongly bound to the nucleus
and so is called a bound electron. 1t is evident that these bound electrons
contribute very little to the conductivity of the metal since they cannot
drift in the metal, even under the stimulus of an externally applied elec-
tric field. These electrons are responsible for the heavy shading in the
neighborhood of the nuclei of Fig. 3-1.

Our present interest is in the free, or conduction, electrons in the metal
rather than in the bound ones. A free electron is one having an energy
corresponding to the level B of the figure. At no point within the metal
is its total energy entirely converted into potential energy. Hence, at
no point is its velocity zero, and the electron travels more or less freely
throughout the body of the metal. However, when the electron reaches
the surface of the metal, it collides with the potential-energy barrier there.
At the point C, its kinetic energy is reduced to zero, and the electron is
turned back into the body of the metal. An electron having an energy
corresponding to the level D collides with no potential walls, not even the
one at the surface, and so it is capable of leaving the metal.

In our subsequent discussions the bound electrons will be neglected
completely since they in no way contribute to the phenomena to be
studied. Attention will be focused on the Energy
free electrons. The region in which they |(e-v) Outside of metol
find themselves is essentially a potential
plateau, or equipotential region. It is only
for distances close to an ion that there is any
appreciable variation in potential. Since
the regions of rapidly varying potential
represent but a very small portion of the fﬁ:'iggiiffggf If;::a'flfﬁgf’?fé
total volume of the metal, we shall hence- considered an equipotential vol-
forth assume that the field distribution ume, but there is a potential
within the metal is equipotential and the barrier at the surface.
free electrons are subject to no forces whatsoever. The present view-
point is therefore essentially that of classical electrostatics.

Figure 3-7 is redrawn in Fig. 3-8, all potential* variations within the
metal being omitted, with the exception of the potential barrier at the
surface. For the present discussion, the zero of energy is chosen at the
level of the plateau of this diagram. This choice of the zero-energy

Ep

l Zero level

* This figure really represents potential energy and not potential. However, the
phrase ‘“potential barrier”’ is much more common in the literature than the phrase
‘“‘potential-energy barrier.” Where no confusion is likely to arise, these two expres-
sions will be used interchangeably. These barriers will be measured in electron volts,
and hence the symbol E will replace the U of the preceding sections. It must be
emphasized that one unit of E represents 1.60 X 107'° joule of energy.
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reference level is valid since, as has already been emphasized, only differ-
ence of potential has physical significance. The region outside the metal
is now at a potential equal to Ep, the height of the potential-energy
barrier in electron volts.

3-6. Energy Distribution of Electrons. In order to be able to escape,
an electron inside the metal must possess an amount of energy at least as
great as that represented by the surface barrier Ep. It is therefore
important to know what energies are possessed by the electrons in a
metal. This relationship is called the energy distribution function. We
shall digress briefly in order to make clear what is meant by a distribution
function.

Suppose that we were interested in the distribution in age of the people
in the United States. A sensible way to indicate this relationship is
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Fia. 3-9. The distribution function in age of the people in the United States.

shown in Fig. 3-9, where the abscissa is age and the ordinate is p4, the
density of the population in age. This density gives the number dN 4 of
people whose ages lie in the range between A and A + dA, or

dN4 = padA (3-5)

The data for such a plot are obtained from census information. We see,
for example, that the number of persons having ages between 10 and 12
years is represented by dN4, with ps = 2.25 million per year chosen as
the mean ordinate between 10 and 12 years, and d A4 is taken as 12 — 10 =
2 years. Thus dNs = pa dA = 4.50 million. Geometrically, thisis the
shaded area of Fig. 3-9. Evidently, the total population N is given by

N = [dN4s = [padA (3-6)
or simply the total area under the curve.

We shall now be concerned with the distribution in energy of the free
electrons in a metal. By analogy with Eq. (3-5), we may write

dNg = pp dE 37
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where dN g represents the number of free electrons per cubic meter whose
energies lie in the energy interval dE electron volts and where pr gives
the density of electrons in this interval. The question that immediately
presents itself is: What is the mathematical expression for the density
function pg? Fermi,! and independently Dirac,? taking into account the
quantum nature of the electron, other physical facts, and the laws of
probability, deduced this most probable distribution function?® for elec-
trons. The application of this statistics to the theory of metals is due
primarily to Sommerfeld. The Fermi-Dirac-Sommerfeld energy density
function may be expressed in the form

vE}

PE = WE—M—)/T‘T (ele(:trons/m3) /eV

where v is a constant defined by (3-8)
% (2me)t (electrons/m?)/(ev)?

l

.~

and where m is the mass of the electron in kilograms, h is a constant (its
dimensions are joule-seconds) first introduced by Planck, e is the base of
natural logarithms, E is the energy of the electron in electron volts, By is
a parameter to be discussed later, and Er is defined by the relationship

eEr = kT (3-9)

where k is the Boltzmann gas constant in joules per degree Kelvin, T is
the temperature in degrees absolute or Kelvin, and e is the electronic
charge in coulombs. The quantity Er is called the electron-volt equivalent
of temperature* and is a convenient abbreviation. The numerical values
of the physical constants introduced here are contained in Appendix I.
Equation (3-9) becomes, upon substituting numerical values for the con-
stants contained in the equation,

T

= 11,600 (3-10)

Er

This permits a rapid conversion from temperature to the electron-volt
equivalent.

Several points must be emphasized before discussing Eq. (3-8). Since
our interests are confined only to the free electrons, it will be assumed that
there are no potential variations within the metal. Hence, there must be,
a priori, the same number of electrons in each cubic meter of the metal.
That is, the density in space (electrons per cubic meter) is a constant.
However, within each unit volume of metal there will be electrons having
all possible energies. It is this distribution in energy (per cubic meter of
the metal) that is expressed by Eq. (3-8).
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At a temperature of absolute zero, Eq. (3-8) attains a very striking
form known as the completely degenerate function. When T = 0°K, then
Er = 0, and two possible conditions exist: (1) If £ > Ey, then the
exponential term becomes infinite, whence pr = 0. Consequently, there
are no electrons with energies greater than FE i at absolute zero of temperature.
That is, Ex is the mazimum energy that any electron may possess at
absolute zero. This important quantity Ey is often referred to as the
“Fermi characteristic energy’ or the “Fermi level.” (2) If £ < Ey,
then the exponential in Eq. (3-8) becomes zero. Hence

pE=’YE% fOI'E<EM}

J— for B> Eyy when Er = 0 3-11)

A plot of the distribution in energy given by Eqs. (3-8) and (3-11) for
metallic tungsten at 7 = 0°K and 7 = 2500°K is shown in Fig. 3-10.
The area under each curve is simply the total number of particles per
cubic meter of the metal, whence the two areas must be equal. Also, the
curves for all temperatures must pass through the same ordinate, namely,

pr = vEx?/2, at the point E = Ey, as is

e evident from Eq. (3-8).
A most important characteristic is to
=0 be noted, viz., the distribution function
changes only very slightly with tempera-
ture, even though the temperature change
B is as great as 2500°K. The effect of the
Ex high temperature is merely to give those
Fia. 3-10. Energy distribution  electrons having the high energies at abso-
]2115018?{3 flic tungsten at 0° and lute zero (those in the neighborhood of E )
still higher energies, whereas those having
lower energies have been left practically undisturbed. Since the curve for
T = 2500°K approaches the energy axis asymptotically, a few electrons

will have large values of energy.

An expression for Ey may be obtained on the basis of the completely
degenerate function. The area under the curve of Fig. 3-10 represents
the total number of free electrons (as always, per cubic meter of the
metal). Thus

I'=2500K

EM 1 3
N = L YE dE = 3yEy

Eu = <£V> ev (3-12)
2y

Inserting the numerical value (6.82 X 10?7) of the constant vy in this
expression, there results

Ey = 3.64 X 10-1N? ev (3-13)

or
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Since the density N (electrons per cubic meter) varies from metal to
metal, then Ej will also vary among metals. Knowing the specific
gravity, the atomic weight, and the number of free electrons per atom,
it is a simple matter to calculate N, and so Eyn. For most metals the
numerical value of Ey is less than 10 ev.

Ezample. The specific gravity of tungsten is 18.8, and its atomic weight is 184.0.*
Assume that there are two free electrons per atom. Calculate the numerical values of
N and Ex.

Solution. A quantity of any substance equal to its molecular weight in grams is a
mole of that substance. Further, 1 mole of any substance contains the same number
of molecules as 1 mole of any other substance. This number is Avogadro’s number and
equals 6.02 X 102* molecules per mole. Thus

N = 6.02 X 1028 molecules x 1 mole « 188 & % 2 electrons 1 atom
mole 181 ¢ cm? atom molecule
_ 123 x 102 CECTONS 1y oq g Cloctrons
cm? ms

since for tungsten the atomic and the molecular weights are the same. Therefore, for
tungsten,
Ey = 3.64 X 10710123 X 1027)% = 8.95 ev

3-7. Work Function. In Fig. 3-11, Fig. 3-10 has been rotated 90 deg
counterclockwise and combined with Fig. 3-8 so that the vertical axis
represents energy for both sets of curves.® At 0°K it is impossible for an
electron to escape from the metal because this requires an amount of
energy equal to Ep and the maximum energy possessed by any electron is
only K. It is necessary to supply

an additional amount of energy equal . Electron
to the difference between Ep and Ey Outside
in order to make this escape possible. T=2500K T of metal
This difference, written Ew, is known p_ B
as the work function of the metal. By 7

Ew = Es — Exy (3-14)  p, \ \ Zerolevel

Thus the work function of a metal FiG. 3-11. Energy diagram used to
. . define the work function.

represents the minimum amount of

energy that must be given to the fastest-moving electron at the absolute

zero of temperature in order for this electron to be able to escape from

the metal.

The experiments of Davisson and Germer® and of Rupp’ on the dif-
fraction of electrons in passing through matter have verified the existence
of the potential-energy barrier at the surface of the metal. In fact, based
on the results of these experiments together with experimentally deter-
mined values of Ew, it is possible to calculate the values of Ky for the

* The atomic weights of the elements are given in the periodic table (Appendix ITI).
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metals used. These data show fair agreement between the experimental
and theoretical values.

A second physical meaning of the term “work function” may be
obtained by considering what happens to an electron as it escapes from
a metal, without particular regard to the conditions within the interior
of the metal. A negative electron will induce a positive charge on a
metal from which it escapes. There will then be a force of attraction
between the induced charge and the electron. Unless the electron pos-
sesses sufficient energy to carry it out of the region of influence of this
image force of attraction, it will be returned to the metal. The energy
required for the electron to escape from the metal is the work function Ex
(based upon this classical electrostatic model).

3-8. Thermionic Emission. The curves of Fig. 3-11 show that the elec-
trons in a metal at absolute zero are distributed among energies which
range in value from zero to the maximum energy E. Since an electron
must possess an amount of energy at least as great as Ep in order to be
able to escape, no electrons can leave the metal. Suppose now that the
metal, in the form of a filament, is heated by sending a current through it.
Thermal energy is then supplied to the electrons from the lattice of the
heated metal crystal. The distribution of the electrons changes, owing to
the increased temperature, as indicated in Fig. 3-11.  As the temperature
is raised, some of the electrons represented by the tail of the curve of
Fig. 3-11 will have energies greater than Ez and so may be able to escape
from the metal.

Using the analytical expression from the distribution function, it is
possible to calculate the number of electrons which strike the surface of
the metal per second with sufficient energy to be able to surmount the
surface barrier and hence escape. Based upon such a calculation,® the
thermionic current is given by

I, = SA T Evw/Er or Iy, = SA T2 b1 amp (3-15)

where S = area of filament, m?
Ao = constant whose dimensions are amp/(m2) (°K?)
T = temperature, °K
Er = T/11,600 is defined in Eq. (3-9)
Ew = work function, ev
b, = 11,600Eyw, °K
Equations (3-15) are two forms of the equation of thermionic emission.
They are sometimes referred to as the “ Dushman equations” and some-
times as the “ Richardson equations,” since both workers developed equa-
tions of this form theoretically. The constant E w, Which has been termed
the “work function,” is known also as the ‘“latent heat of evaporation
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of electrons’ from the metal, from the analogy of electron emission with
the evaporation of molecules from a liquid.

The thermionic-emission equation has received considerable experimen-
tal verification.® The graphical representation between the thermionic-
emission current and the temperature is genemlly obtained by taking the
logarithm of Eq. (3-15), vz,

].Ogm Ith -2 lOgm T = 1Og10 SA(] — 0.434b (3-16)

¢ T
where the factor 0.434 represents logio e. Hence, if we plot logie Iin —
2 logio T vs. 1/T, the result should be a straight line having a slope equal
to —0.434b,. The verification of this equation requires a knowledge of
‘the cathode temperature. In those cases where the cathode is sufficiently
exposed, the temperature can most accurately be determined by means of
an optical pyrometer. Often, however, it is difficult or entirely impossi-
ble to see the cathode. Under these conditions a method that is based
upon the energy radiated by the cathode is usually employed.

If a certain amount of power is supplied to a cathode, it will become
heated and the temperature will increase until temperature equilibrium
oceurs. Equilibrium exists when the rate of heat removal by all causes
equals the rate of heat produced as a result of the electrical input. Since
the cathode is generally a thin filament in a vacuum, no convection of heat
can occur. A small amount of heat will be conducted away by the leads,
but most of the heat loss is due to the radiated energy. The rate at which
energy is radiated from the heated surface is expressed explicitly as a func-
tion of the temperature of the body by the Stefan-Boltzmann relation

= 5.67 X 10781 watts/m?2 (3-17)

where P is the power radiated, in watts per square meter, by the surface
whose emissivity is er; the factor 5.67 X 10~* watt/(m?)(°K*) is known
as the Stefan-Boltzmann constant; and T is the temperature in degrees
Kelvin. The value of er is always less than unity for all practical cases.
It varies slightly with temperature and must be determined experimen-
tally. Forsythe and Worthing!® and Jones and Langmuir'* have deter-
mined the temperature of tungsten as a function of the input power per
square centimeter, over wide ranges of temperature. These data deter-
mine er. Hence, by measuring P, the temperature 7' is found.!?

An early form of an emission equation suggested on the basis of the
classical kinetic theory by O. W. Richardson'? is

I = A'TievT (3-18)

where A’ is a quantity that depends upon the material and b’ is a quantity
related to, but not equal to, b,. Experimentally, it is impossible to dis-
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tinguish between Eqgs. (3-15) and (3-18). This difficulty arises from the
fact that both equations predict the same exponential dependence upon
the temperature; and since this factor is such a rapidly varying one, it
overshadows the dependence upon the 7% or the 72 term. For example,
it follows from the second of Eqs. (3-15), by taking the derivative of the
natural logarithm of this equation, that

dly b\ dT
Th = (2 + T) 7 (3-19)

For tungsten, b, = 52,400, so that at a normal operating temperature of
2400°K the fractional change in current dl;/Iy is 2 + 22 times the
fractional change in the temperature. It is to be noted that the term
22 (= b,/T) arises from the exponential term in the Dushman equation,
and the term 2 arises from the 72 term. Because of this slight depend-
ence upon the power of the T’ term, it is impossible to use the experi-
mental results as a criterion to favor one or the other equation. We
observe in passing that the thermionic current is a very sensitive funec-
tion of the temperature, since a 1 per cent change in 7 results in a 24 per
cent change in Iy,

It must be emphasized that Eqgs. (3-15) give the electron emission from
a metal at a given temperature provided that there are no external fields
present. If there are either accelerating or retarding fields at the surface,
then the actual current collected will be greater or less than the emission
current, respectively. The effect of such surface fields is discussed later
in this chapter.

3-9. Contact Potential. Consider two metals in contact with each
other, as at the junction (' in Fig. 3-12. 'The contact difference of poten-
tial between these two metals is defined as the
potential difference E 45, between a point A just
outside metal 1 and a point B just outside
metal 2. The reason for the existence of the
difference of potential is easily understood.
When the two metals are joined at the boundary
C, electrons will flow from the lower-work-func-
F1e. 3-12. Two metals in  tion metal, say 1, to the other metal, 2. This
contact at the junction €. g/ 0 oo continue until metal 2 has acquired so
much negative charge that a retarding field has built up which repels any
further electrons. A detailed analysis'* of the requirement that the num-
ber of electrons traveling from metal 1 across junction €' into metal 2 is
the same as that in the reverse direction across C leads to the conclusion
that this equilibrium condition is attained when the Fermi energies E
of the two metals are located at the same height on the energy-level
diagram. To satisfy this condition the potential-energy diagram for the
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two metals must be drawn as in Fig. 3-13. The barriers at the two sur-
faces A and B are indicated as vertical lines instead of curves asin Fig. 3-8
because the distance between the surfaces A and B is very large in com-
parison with atomic dimensions.

The diagram should be clear if it is recalled that Ew = Ep — Exr.
From this figure it is seen that

Esp = Ew: — Ewa (3-20)

which means that the contact difference of potential between two metals equals
the difference between their work functions. This result has been verified
experimentally by numerous investigators.

If metals 1 and 2 are similar, the contact potential between them is evi-
dently zero. If they are dissimilar metals, the metal having the lower

K
Eyg=Ewz-Ewm

Junction  Surfoce Surfoce
(4 A B

F1c. 3-13. The potential-energy system of two metals in contact.

work function becomes charged positively and the higher-work-function
metal becomes charged negatively. In a vacuum tube the cathode is
usually the lowest-work-function metal. If it is connected to any other
electrode externally by means of a wire, then the effective voltage between
the two electrodes is not zero but equals the difference in the work func-
tions. This potential difference is in such a direction as to repel the elec-
trons being emitted from the cathode. If a battery is connected between
the two electrodes, then the effective potential is the algebraic sum of the
applied voltage and the contact potential.

3-10. Energies of Emitted Electrons. Since the electrons inside a
metal have a distribution of energies, then those which escape from the
metal will also have an energy distribution. It is easy to demonstrate
this experimentally. Thus consider a plane emitter and a plane-parallel
collector. The current is measured as a function of the retarding volt-
age E, (the emitter positive with respect to the collector). If all the
electrons left the cathode with the same energy, then the current would
remain constant until a definite voltage was reached and then it would
fall abruptly to zero. For example, if they all had 2 ev energy, then when
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the retarding voltage was greater than 2 volts the electrons could not sur-
mount the potential barrier between cathode and anode and no particles
would be collected. Experimentally no such sudden falling off of current
is found, but instead there is an exponential decrease of current I, with
voltage according to the equation

I, = IuebEr (3-21)

This result may be obtained theoretically as follows: Since Iy is the cur-
rent for zero retarding voltage, then the current obtained when the barrier
height is increased by E. is determined from the right-hand side of the
first of Egs. (3-15) by changing Ew to Ew + E.. Hence,

Ib — SAOT2€—(Ew+E’,)/ET — IthE_E'/ET

If E, is the applied (accelerating) anode potential and if E’ is the
(retarding) contact potential, then E, = E’ ~ E;, and Eq. (3-21) becomes

I, = IetEe/Er (3-22)

where
I = I,,e%/E? (3-23)

represents the current which is collected at zero applied voltage. Since
E’' > Er, this current I is a small fraction of I,;,. If Ej is increased from
zero, the current [, increases exponentially until the magnitude of the
applied voltage E, equals the contact potential E’. At this voltage

E,. = 0, and the thermionic current

logo 7 is collected. If E, > E’, then the
field acting on the emitted electrons
10910 £y [~ =~ is in the accelerating direction and

i the current remains at the value I,,.
| A plot of the term logidI vs. Epshould
| be of the form shown in Fig. 3-14.
| The nonzero slope of this broken-line
I
T

curveis (11,600logoe)/T = 5,030/7.

o . . .
o z, IFrom the .foregomg cons1deratlor}s,
Retording  Accelerating the potential represented by the dis-

Frc. 3-14. To verify the retarding- tance from O to O’ is the contact
potential equation, logio I is plotted vs. potential E’. Because most com-
Bs. mercial diodes do not even approxi-
mate a plane cathode with a plane-parallel anode, the volt-ampere
characteristic indicated in Iig. 3-14 is only approached in practice. Fur-
thermore, since the effect of space charge (Chap. 4) has been completely
neglected, Eq. (3-21) is valid only for low values (microamperes) of cur-
rent. For larger values of I, the current varies as the three-halves power
of the plate potential (Sec. 4-4).
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Example. What percentage of the electrons leaving a tungsten filament at 2700°K
can surmount a barrier whose height is 1 ev?
Solution. Using Eq. (3-21), with E, = 1, and remembering that Er = 7'/11,600
yields
I

th

= ¢ (11,600X1)/2,700 — —4.28 %/0.014

Hence, only about 1.4 per cent of the electrons have energies in excess of 1 ev.

If the emitter is an oxide-coated cathode operating at 1000°K, then a
calculation similar to the above gives the result that only about 0.001 per
cent of the electrons have a surface-directed energy in excess of 1 ev!

A statistical analysis'® shows that the average energy of the escaping
electrons is given by the expression

E = 2E, ev (3-24)

For operating temperatures of 2700° and 1000°K the average energies of
the emitted electrons are 0.47 and 0.17 ev, respectively.

These calculations demonstrate the validity of the assumption made in
Chap. 1 in the discussion of the motion of electrons in electric and mag-
netic fields, v7z., that the electrons begin their motions with very small
initial velocities. In most applications the initial velocities are of no
consequence, but they are of significance in tubes which are operated at
low electrode voltages.

3-11. Accelerating Fields. Under normal operating conditions, the
field applied between the cathode and the collecting anode is accelerating
rather than retarding, and so the field aids the electrons in overcoming
the image force at the surface of the metal. This accelerating field tends,
therefore, to lower the work function of the metal and so results in an
increased thermionic emission from the metal. It can be shown's that
the current I under the condition of an accelerating field of & volts per
meter at the surface of the emitter is

I = I,et0-aa0ebr (3-25)

where I,; is the zero-field thermionic current and 7 is the cathode temper-
ature in degrees Kelvin. The fact that the measured thermionic currents
continue to increase as the applied potential between the cathode and the
anode is increased is often referred to as the Schottky effect, after the man
who first predicted this effect. Some idea of the order of magnitude of
this increase can be obtained from the following illustration.

Example. Consider a cylindrical cathode of radius 0.01 cm and a coaxial cylindrical
anode of radius 1.0 em. The temperature of the cathode is 2500°K. If an acceler-
ating potential of 500 volts is applied between the cathode and the anode, calculate
the percentage increase in the zero-external-field thermionic-emission current because
of the Schottky effect.
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Solution. The electric-field intensity at any point » (meters) in the region between
the electrodes of a cylindrical capacitor, according to classical electrostatics, is given
by the formula

g = Fn 1
In (ra/re) r

where In denotes the logarithm to the natural base ¢, Ej is the plate voltage, 7. is the
anode radius, and r, is the cathode radius. Thus the electric-field intensity at the
surface of the cathode is

volts/m (3-26)

_s00 1 ;
& = m1074 = 1.085 X 10 VOltS/ITl

It follows from Eq. (3-25) that

= 0.0795

1 _ (0.434)(0.44)(1.085 X 105}
I 2,500

Hence, 1/Is = 1.20, which shows that the Schottky theory predicts a 20 per cent
increase over the zero-field emission current.

3-12. High-field Emission. Suppose that the accelerating field at the
surface of a “cold” cathode (one for which the thermionic-emission cur-
rent is negligible) is very intense. Under these circumstances the vari-
ation of the emission-current density with the strength of the electric-field
intensity at the surface of the metal has been calculated by several investi-
gators.'” The result obtained by Fowler and Nordheim is

logm

J = C&2 D8 amp,/m? 3-27)
where
' _ 3 )
_ 62X 10 (B, ,
C = 7, <Ew) amp/volt (3-28)
D = 6.8 X 10’Ey? volts/m

This equation has received direct experimental verification.'® This
effect is called high-field, cold-cathode or autoelectronic emission. The
electric-field intensity at an electrode whose geometry includes a sharp
point or edge may be very high even if the applied voltage is moderate.
Hence, if high-field emission is to be avoided, it is very important to
shape the electrodes in a tube properly so that a concentration of electro-
static lines of flux does not take place on any metallic surface. On the
other hand, the cold-cathode effect has been used to provide several
thousand amperes in an X-ray tube used for high-speed radiography.!®

3-13. Secondary Emission.2’ The number of secondary electrons that
are emitted from a material, either a metal or a dielectric, when subjected
to electron bombardment has been found experimentally to depend upon
a number of factors. Among these are the number of primary electrons,
the energy of the primary electrons, the angle of incidence of the electrons
on the material, the type of material, and the physical condition of the
surface. The secondary-emission ratio, defined as the ratio of the number
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of secondary electrons per primary electron, is small for pure metals, the
maximum value being between 1.5 and 2. It is increased markedly by
the presence of a contaminating layer of gas or by the presence of an
electropositive or alkali metal on the surface. For such composite sur-
faces, secondary-emission ratios as high as 10 or 15 have been detected.
This ratio as a function of the energy of the impinging primary electrons
on a cesium-antimony and a silver-

magnesium surface is shown in Fig. 10 B
3-15. 9 i -
The maximum in the secondary- SR
emission ratio curve can be explained 8
qualitatively. For low-energy pri- 27
maries, the number of secondaries @8 & /
that are able to overcome the surface S8 187«
attraction is small. ~ As the energy of € . TS §
the impinging electrons increases, ; - S s
more energetic secondaries are pro- 3 4-@.(3/ g
duced and the secondary-emission §3 &
N

ratio increases. Since, however, the )
depth of penetration increases with
the energy of the incident electron,
the secondaries must travel a greater
distance in the meta'l .before they OO 00 200 300 305 500 800 700
reach the surface. Thisincreasesthe Energy in electron volts
probability of collision in the metal, Fis. 3-15. Variation of secondary-
with a consequent loss of energy of emission ratio with primary voltage.
these secondaries. Thus, if the pri- ggzqﬁ’tesy of A. B. Du Mon Laborglories,
mary energy is increased too much, '

the secondary-emission ratio must pass through a maximum.

Most secondary electrons are emitted with small energies. There is
evidence?! that more than 85 per cent of the secondary electrons emitted
from a surface have energies of less than 3 ev. This condition is to be
expected since a rapidly moving inner electron should be able to induce
the same type of phenomenon as a fast-moving primary electron. The
small percentage of high-energy electrons that is present is attributed to
those primary electrons which have been reflected from the surface, rather
than to true secondary electrons.

It is possible to induce electron emission by bombarding a surface with
positive ions instead of with electrons.?? This process is much less
efficient than electron bombardment. As a result, the energies of the
impinging ions must be much greater than those of electrons in order to
yield a comparable secondary-emission ratio. Nevertheless, this process
plays a fundamental role in some types of discharge to be discussed later.

N
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3-14. Semiconductors.?® From Eq. (3-3) we see that the conductivity
is proportional to the concentration n of free electrons. For a good con-
ductor, » is very large (=210%® electrons/m?); for an insulator, n is very
small (=2107); and for a semiconductor, n lies between these two extremes.
The valence electrons in a semiconductor are not free to wander about as
they are in a metal but rather are trapped in a bond between two adjacent
ions, as will now be explained.

Germanium and silicon are the two most important semiconductors
used in electronic devices. The crystal structure of these materials con-
sists of a regular repetition in three dimensions of a unit cell in the form
of a tetrahedron with an atom at each corner. This structure is illus-
trated symbolically in two dimensions in Fig. 3-16. Germanium has a
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bond' Ge electrons
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Fi1c. 3-16. Crystal structure of german- Fi1g. 3-17. Germanium crystal with a
ium, illustrated symbolically in two broken covalent bond.
dimensions.

total of 32 electrons in its atomic structure, and, of these, 4 are valence
electrons, so that the atom is tetravalent. The inert ionic core of the
germanium atom carries a positive charge of 44 measured in units of the
electronic charge. The binding forces between neighboring atoms result
from the fact that each of the valence electrons of a germanium atom is
shared by one of its four nearest neighbors. This electron-pair bond, or
covalent bond, is represented in Fig. 3-16 by the two dashed lines which
join each atom to each of its neighbors. The fact that the valence elec-
trons serve to bind one atom to the next also results in the valence
electron being tightly bound to the nucleus. Hence, in spite of the
availability of four valence electrons, the crystal has a low conductivity.

At a low (say, 0°K) temperature the ideal structure of Fig. 3-16 is
approached, and the crystal behaves as an insulator, since no free carriers
of electricity are available. However, at a higher (say room) temper-
ature some of the covalent bonds will be broken because of the thermal
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energy supplied to the crystal, and conduction is made possible. This
situation is illustrated in Fig. 3-17. Here an electron, which for the far
greater period of time forms part of a covalent bond, is pictured as being
dislodged and therefore free to wander in a random fashion throughout
the crystal. The energy E, required to break such a covalent bond is
about 0.75 ev for germanium and 1.12 ev for silicon. The absence of the
electron in the covalent bond is represented by the small circle in Fig.
3-17, and such an incomplete covalent bond is called a hole. The impor-
tance of the hole is that it may serve as a carrier of electricity which is
comparable in effectiveness to the free electron.

The mechanism by which a hole contributes to the conductivity is
qualitatively as follows: When a bond is incomplete so that a hole exists,
it is relatively easy for an electron in a neighboring atom to leave its
covalent bond to fill this hole. An electron moving from a bond to fill a

WOOOOOOOOOO®

1 2 3 4 5 6 7 8 9 10

WOOOOOOOOO®

F1c. 3-18. The mechanism by which a hole contributes to the conductivity.

hole leaves a hole in its initial position. Hence, the hole effectively
moves in the direction opposite to that of the electron. This hole, in its
new position, may now be filled by an electron from another covalent
bond, and the hole will correspondingly move one more step in the direc-
tion opposite to the motion of the electron. Here we have a mechanism
for the conduction of electricity which does not involve the free electron.
The above phenomenon is illustrated schematically in Fig. 3-18, where a
circle with a dot in it represents a completed bond and an empty circle
designates a hole. Figure 3-18a consists of a row of 10 ions with a broken
bond, or hole, at ion 6. Now imagine that an electron from ion 7 moves
into the hole at ion 6 so that the configuration of Fig. 3-18b results. If
we compare this figure with Fig. 3-18a, it looks as if the hole in (a) has
moved toward the right in (b) (from ion 6 to ion 7). This discussion
indicates that the motion of the hole in one direction actually means the
transport of a negative charge an equal distance in the opposite direction.
So far as the flow of electric current is concerned, the hole behaves like a
positive charge equal in magnitude to the electronic charge. We can
consider that the holes are physical entities whose movement constitutes
a flow of current.

In a pure semiconductor the number of holes is equal to the number
of free electrons. Thermal agitation continues to produce new hole-
electron pairs, while other hole-electron pairs disappear as a result of
recombination.



82 VACUUM-TUBE AND SEMICONDUCTOR ELECTRONICS

3-15. Conductivity of a Semiconductor. With each hole-electron pair
created, two current-carrying “particles” are formed. One is negative
(the free electron), of mobility u.; and the other is positive (the hole),
of mobility u,. These particles move in opposite directions in an electric
field &, but since they are of opposite sign the current of both is in the
same direction. Hence, the current density J is given by (Sec. 3-2)

J = (np. + purp)e& = & (3-29)

where n equals the free-electron (negative) concentration, p equals the
hole (positive) concentration, and o is the conductivity. Hence,

o = (nﬂ'n + pl‘p)e (3‘30)

For the pure (called intrinsic) semiconductor considered here, n = p = n,,
where n; is the intrinsic concentration.

In pure germanium at room temperature there is about one hole-
electron pair for each 5 X 10'9 germanium atoms. With increasing tem-
perature, the density of hole-electron pairs increases and correspondingly
the conductivity increases. If Fermi-Dirac statistics is applied to a semi-
conductor?* it is found that the intrinsic concentration varies with tem-
perature in accordance with the relationship

ne = AT BorEr (3-31)
The constants Ao, E;, ux, up and many other important physical quantities
for germanium and silicon are given in Table 3-1.

TABLE 3-1
PROPERTIES OF GERMANIUM AND SILICON

Property Ge Si
Atomicnumber.... ... ... .. .. .. ... 32 14
Atomic weight.............. ... ... ... .. ... ..., 72.6 28.1
Density (g/cm3). ... 5.32 2.33
Dielectric constant (relative). ... .. ....... ... ...... 16 12
Ao [Eq. B-31)] (emysC°K)™3 .. ... ... ..., 9.3 X 10 7.8 X 10%
E,[Eq. B3-831)] (eV). ..o 0.75 1.12
n; at 300°K [Eq. (3-31)] (em)™3. .. ................. 2.5 X 1013 6.8 X 101
Intrinsic resistivity at 300°K (ohm-em)*............ 47 230,000
wn (cm2/volt sec)™. ... .. .. 3,800 1,300
up (em?/volt sec)™. ... .. . 1,800 500
D, (em?/sec) = paEp...... ... .. .. ... .. ... ... 95 33
Dy (em2/sec) = ppEr. ... 45 13

* G. L. Pearson and W. H. Brarrain, “History of Semiconductor Research,”
Proc. IRE, 43, 1794-1806, December, 1955. All values not marked with an asterisk
are from E. M. ConweLL, ‘“Properties of Silicon and Germanium,” Proc. [RE, 40,
1327-1337, November, 1952.
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The conductivity of germanium is found from Eq. (3-31) to increase
approximately 5 per cent per degree increase in temperature. Such a
rapid change in conductivity with temperature places a limitation upon
the use of semiconductor devices in some circuits. On the other hand,
for some applications it is exactly this property of semiconductors that is
used to advantage. A semiconductor used in this manner is called a
thermistor.2® Such a device finds extensive application in thermometry,
in measurement of microwave-frequency power, as a thermal relay, and
in control devices actuated by changes in temperature. Silicon and ger-
manium are not used as thermistors because their properties are too
sensitive to impurities. Commercial thermistors consist of sintered mix-
tures of such oxides as NiO, Mn.0;, and C0:0:s.

The exponential decrease in resistivity (reciprocal of conductivity) of a
semiconductor should be contrasted with the small and almost linear
increase in resistivity of a metal. An increase in temperature of a metal
results in greater thermal motion of the ions and hence decreases slightly
the mean free path of the free electrons. The result is a decrease in the
mobility and hence in conductivity. For most metals the resistance
increases about 0.4 per cent per degree increase in temperature. It
should be noted that a thermistor has a negative coefficient of resistance,

whereas that of a metal is positive
Free electron

and of much smaller magnitude. By . Ge o
including a thermistor in a metallic - T~
circuit it is possible to compensate ©¢® \’“f @ e '! ®Ge
for temperature changes over a range [ o /e [ ®*

. o | | I \ !
as wide as 100°C. o/ Lo \ e/

3-16. Donor and Acceptor Impuri- i/‘“\ﬁ/’ ~
[ J¢
ties. If, to pure germanium, a small Ge® @ °° g 2 ¢

amount of impurity is added in the an ,
form of a substance with five valence \ o/ \e , leo/
electrons, the situation results which Ge. ‘:. .i. .i ose
is pictured in Fig. 3-19. The impurity
atoms will displace some of the germa-
nium atoms in the crystal lattice. Fre. 3-19. Crystal lattice with a
Four of the five valence electrons will ~germanium atom displaced by an
occupy covalent bonds, while the fifth atom of & pentavalent impurity.
will be nominally unbound and will be available as a carrier of current.
The energy required to detach this fifth electron from the atom is only
of the order of 0.01 ev. Suitable pentavalent impurities are antimony,
phosphorus, or arsenic. Such impurities donate excess negative electron
carriers and are therefore referred to as donor, or n-type, impurities.

If a trivalent impurity (boron, gallium, or indium) is added, then only
three of the covalent bonds can be filled, and the vacancy that exists in
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the fourth bond constitutes a hole. This situation is illustrated in Fig.
3-20. Such impurities make available positive carriers because they
create holes which can accept electrons. These impurities are conse-
quently known as accepior, or p-type, impurities. The amount of impu-
rity required to be added to have an appreciable effect on the conductivity
is very small. For example, if a donor-type impurity is added to the
extent of 1 part in 103, the con-
ductivity of germanium at 30°C is

ce® ’: ;‘ :’ oGe multiplied by a factor of 12.
- In intrinsic germanium both elec-

/ [ ] \ / @\ .
! - Hole trons and holes are available as car-

o R o/ riers. The number of electrons and

Ge. ‘ H i ece holes is equal, as has already been

it o e \In-’ ‘e \ emphasized. If intrinsic germanium

' is “doped”’ with n-type impurities, not

\0 / o \e / \e / only does the number of electrons in-

Ge. ‘ i i ®Ge crease, but the number of holes de-

creases below that which is available

in the intrinsic semiconductor. The

Fra.  3-20. C’ysml Jlattice with a  pea50n for the decrease in the number
germanium atom displaced by an .

atom of a trivalent impurity. of holes is that the larger number of

electrons present increases the rate of

recombination of holes with electrons. Similarly, the number of elec-

tron carriers in a semiconductor can be reduced by doping with p-type

impurities.

We have the important result that the doping of an intrinsic semi-
conductor not only increases the conductivity but serves also to produce
a conductor in which the electric carriers are either predominantly holes
or predominantly electrons. In an n-type semiconductor the electrons
are called the majority carriers, and the holes are called the minority
carrters. In a p-type material, the holes are the majority carriers, and
the electrons are the minority carriers.

3-17. Charge Densities in a Semiconductor. Quantitatively it is
found?® that

np = n? (3-32)

This equation (called the mass-action law) gives one relationship between
the electron » and the hole p concentrations. These densities are further
interrelated by the law of electrical neutrality which we shall now state in
algebraic form. Let N; equal the concentration of donor atoms. Since,
as mentioned above, these are practically all ionized, N4 positive charges
per cubic meter are contributed by the donor ions. Hence, the total
positive-charge density is Ny 4+ p. Similarly, if N, is the concentration
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of acceptor ions, these contribute N, negative charges per cubic meter.
The total negative-charge density is N, + n. Since the semiconductor is
electrically neutral, the magnitude of the positive-charge density must
equal that of the negative concentration, or

No+p=N.+n (3-33)

Consider an n-type material such that N, = 0. Since the number of
electrons is much greater than the number of holes in an n-type semi-
conductor (n >> p), then Eq. (3-33) reduces to

n=Ng (3-34)

In an n-type material the free-electron concentration is approximately equal
to the density of donor atoms.

In later applications we shall study the characteristics of n- and p-type
materials connected together. Since some confusion may arise as to
which type is under consideration at a given moment, we shall add the
subscript n or p for an n-type or a p-type substance, respectively. Thus,
Eq. (3-34) is more clearly written

n. = Ny (3-35)

The concentration p, of holes in the n-type semiconductor is obtained
from Eq. (3-32), which is now written n.p, = n;%. Thus,

’ni2

pn = Nd (3-36)
Similarly, for a p-type semiconductor,
n,-2
nypp = n;’ Pp = N, Np = N, (3-37)

3-18. Diffusion. In addition to a conduction current, the transport
of charges in a semiconductor may be accounted for by a mechanism,
called diffusion, not ordinarily encountered in metals. The essential
features of diffusion will now be discussed.

We shall see later that it is possible to have a nonuniform concen-
tration of particles in a semiconductor. Under these circumstances the
concentration p of holes varies with distance  in the semiconductor, and
there exists a concentration gradient dp/dz in the density of carriers.
The existence of a gradient implies that, if an imaginary surface is drawn
in the semiconductor, the density of holes immediately on one side of the
surface is larger than the density on the other side. The holes are in a
random motion as a result of their thermal energy. Accordingly, holes
will continue to move back and forth across this surface. We may then
expect that in a given time interval more holes will cross the surface from
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the more dense to the less dense side than in the reverse direction. This
net transport of charge across the surface constitutes a flow of current.
It should be noted that this net transport of charge is not the result of
mutual repulsion among charges of like sign but is simply the result of a
statistical phenomenon. This diffusion is exactly analogous to that
which occurs in a neutral gas if there exists a pressure gradient in the
gaseous container. The diffusion hole current density is proportional to
the concentration gradient and is given by

J, = —eD, Z—i) amp,/m?2 (3-38)

where D, (square meters per second) is called the diffusion constant for
holes. A similar relationship exists for the diffusion electron current
[p is replaced by n, and the minus sign is replaced by a plus sign in
Eq. (3-38)]. Since both diffusion and mobility are statistical thermo-
dynamic phenomena, these two parameters are not independent. The
relationship between them is given by the Einstein equation
Dy _ D olts (3-39)
%3 HMan
where Er = T/11,600 is defined as in Eq. (3-9). At room temperature
(300°K), p = 39D. Measured values of x and computed values of D for
silicon and germanium are given in Table 3-1 on page 82.

3-19. The Hall Effect.?” If a specimen (metal or semiconductor)
¥ 2 carrying a current I is placed in a
transverse magnetic field B, an elec-
, ﬁ__g tric field & is induced in the direction

—%  perpendicular to both 7 and B. This
£ y phenomenon, known as the Hall

B 7 effect, is used to determine whether
z a semiconductor is n or p type and
Fia. 3-21. Pertaining to the Hall effect. to find th.e carrier concentratlf)n.
The carriers (whether electrons or holes) ~ Also, by simultaneously measuring
are subjected to a force in the negative the conductivity ¢, the mobility u
Y direction. can be calculated.

The physical origin of the Hall effect is not difficult to find. If in
Fig. 3-21 I is in the positive X direction and B is in the positive Z direc-
tion, then a force will be exerted in the negative ¥ direction on the cur-
rent carriers. If the semiconductor is n type so that the current is carried
by electrons, these electrons will be forced downward toward side 1 in
Fig. 3-21, and side 1 becomes negatively charged with respect to side 2.
Hence, a potential Vy, called the Hall voltage, appears between the sur-
faces 1 and 2. In the equilibrium state the electric-field intensity & due

I__‘> /
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to the Hall effect must exert a force on the carrier which just balances
the magnetic force, or

¢& = Bev (3-40)

where ¢ is the magnitude of the charge on the carrier and v is the drift
speed. From Eq. (1-14), & = Vu/d, where d is the distance between
surfaces 1 and 2. Trom Eq. (1-34), J = pv = I/dw, where J is the cur-
rent density, p is the charge density, and w is the width of the specimen
in the direction of the magnetic field. Combining these relationships,
we find

VH=Bvd=B—J§=£I—
P pw

(3-41)
If Vu, B, I, and w are measured, then the charge density p can be deter-
mined from Eq. (3-41). If the polarity of Vi is positive at terminal 2,
then, as explained above, the carriers must be electrons, and p = ne,
where 7 is the electron concentration. If, on the other hand, terminal 1
becomes charged positively with respect to terminal 2, then the semi-
conductor must be p type, and p = pe, where p is the hole concentration.
It is customary to introduce the Hall coefficient Ru defined by

Ry = (3-42)

Hence

3 -

Ry = 37 (3-43)

|

If conduction is due primarily to charges of one sign, then the con-
ductivity o is related to the mobility u by Eq. (3-3), or

o= pp (3-44)

If the conductivity is measured together with the Hall coefficient, then
the mobility can be determined from

u = oRxg (3-45)

We have assumed in the above discussion that all particles travel with
the mean drift speed ». Actually, the current carriers have a random
thermal distribution in speed. If this distribution is taken into account,
it is found that Eq. (3-43) remains valid provided that Rg is defined by
3r/8p. Also, Eq. (3-45) must be modified to p = (8¢/3m) Ru.

3-20. Energy Bands in Solids. Quantum theory proves that in a
periodic potential field such as exists in a crystal there are bands of allowed
energies which may be separated by forbidden energy regions. A metal
is characterized by the fact that the band occupied by the “free” or
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“valence” electrons is not completely filled and that there are no for-
bidden levels at higher energies. Recall that in a metal, at absolute zero,
the energies of the electrons range from zero to a value Ej. If some
additional energy is given to the crystal, the electrons are raised to higher
energy levels. If the energy is sup-
plied by an externally applied volt-
age, conduction results and hence
T this energy band is also called the
conduction band. The overlapping
of the wvalence and conduction
bands in a metal is indicated sche-
matically in Fig. 3-22aq.
The band structure of an insula-
tor is different from that of a metal
la) 2 in that the valence electrons com-
Fre. 3-22. Energy-band structure of (a) pletely fill one band. The next
a metal and (b) an insulator.
empty band of allowed energy
states is separated from the filled band by a forbidden region E, which
may be many electron volts high, as shown in Fig. 3-22b. The energy
that can be supplied to an electron from an applied field is generally too
small to carry the electron from the filled band into the empty band and
hence no conduction takes place.
A semiconductor is a material in which the width of the forbidden
region (the energy gap E,) is relatively narrow (=1 ev). Such a sub-
stance acts as an insulator at low temperatures because the electrons in

Conduction
// bond

Forbidden
b

Energy

Conduction
bond

Forbidden
band

bond

(a) (&) ()

F1a. 3-23. Energy-band structure of a semiconductor. (a) Intrinsic. (b) n-type.
(¢} p-type.

the valence band do not have enough energy to enter the conduction
band. This situation corresponds to Fig. 3-16, which shows completely
filled covalent bonds.

As the temperature is increased, some of the valence electrons acquire
an energy greater than E, and hence enter the conduction band. The
departing electrons leave “holes” in the valence band. This behavior
of the intrinsic semiconductor is pictured in Figs. 3-23a and Fig. 3-17.
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As explained in Sec. 3-14, both the electrons in the conduction band and
the holes in the valence band contribute to the conductivity.

The band structure for an n-type semiconductor is indicated in Fig.
3-23b. To the diagram of the intrinsic material we have added a donor
level in the forbidden region which is very closely spaced (220.01 ev)
to the bottom edge of the conduction band. Hence, even at room tem-
perature almost all the donors are ionized, and they contribute electrons
to the conduction band. This process leaves the donor ions positively
charged, as indicated by the plus signs in Fig. 3-23b. This energy dia-
gram indicates schematically the physical behavior of the semiconductor
as depicted in Figs. 3-17 and 3-19.

The band structure for a p-type material is indicated in TFig. 3-23c.
The acceptor level is in the forbidden region but neighboring the valence
pband. The acceptor atoms can take electrons from the filled valence
levels and thus leave holes in this band. Since after they receive these
electrons the acceptors are negative ions, they are indicated by minus
signs in Fig. 3-23c. This energy diagram corresponds to the physical
pictures shown in Figs. 3-17 and 3-20.
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CHAPTER 4

VACUUM-DIODE CHARACTERISTICS

THE properties of practical thermionic cathodes are discussed in this
chapter. The thermionic-emission current is the maximum current that
can be collected at any given temperature. In order to obtain this cur-
rent an anode is placed close to the cathode in an evacuated envelope.
If an accelerating field is applied, it is found that the plate current
Increases as the anode voltage is increased. However, if the plate poten-
tial is large enough to collect the thermionic-emission current 1, then
the anode current will remain constant at the value I, even though the
plate voltage is increased further. The limitation of the current which
can be collected in a diode because of the space charge of the emitted
electrons is discussed in detail in this chapter.

Finally, practical diode volt-ampere characteristics are considered, and
an analysis of a circuit containing a diode is given,

4-1. Cathode Materials. The three most important practical emitters
are pure tungsten, thoriated tungsten, and oxide-coated cathodes. The
most important properties of these emitters will now be discussed.

Tungsten. Unlike the other cathodes discussed below, tungsten does
not have an active surface layer which can be damaged by positive-ion
bombardment. Hence, tungsten is used as the cathode in high-voltage
high-vacuum tubes. These include X-ray tubes, diodes for use as recti-
fiers above about 5,000 volts, and large power-amplifier tubes for use in
communication transmitters.

Tungsten has the disadvantage that the cathode emission efficiency,
defined as the ratio of the emission-current density, in amperes per square
meter, to the heating power, in watts, is small.  However, a copious sup-
ply of electrons can be provided by operating the cathode at a sufficiently
high temperature. The higher the temperature, however, the greater
will be the evaporation of the filament during its operation and the sooner
it will burn out. Economic considerations dictate that the temperature
of the filament be about 2500°K, which gives it a life of approximately
2,000 hr. The melting point of tungsten is 3650°K. The important
constants for a tungsten emitter are summarized in Table 4-1.

92
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TABLE 4-1
COMPARISON OF THERMIONIC EMITTERS
Dushman constants
T ¢ Approxi@ate Efficiency,* Plate Gas or
3;?8; 4 10—+ operating amp/(m?) voltage, vacuum
cathode o X s bo, Ew, temperature, (watt) volts tube
amp/ (m?) oK °K
K2 ev
Tungsten......... 60.2 52,400 | 4.52 2500 20-100 Above Vacuum
5,000
Thoriated tungsten 3.0 30,500 | 2.63 1900 501,000 750-5,000 | Vacuum
Oxide-coated 0.01 11,600 | 1.0 1000 100-10,000 | Below 750 | Vacuum
BaO + SrO or gas

* K. R. SPANGENBERG, ‘‘Vacuum Tubes,” McGraw-Hill Book Company, Inc., New York, 1948.

Thoriated Tungsten. In order to obtain copious emission of electrons at
moderately low temperatures, it is necessary for the material to have a
low work function. Unfortunately the low-work-function metals, such as
cesium, rubidium, and barium, in some cases melt and in other cases boil
at temperatures necessary for appreciable thermionic emission. How-
ever, it is possible to apply a very thin layer of low-work-function mate-
rial, such as thorium, on a filament of tungsten. The base metal holds
the adsorbed layer at high temperatures, even above the point at which
the pure thorium would normally evaporate. Such a filament possesses
emission properties that are considerably better than those of the pure
tungsten.

Thoriated-tungsten filaments are obtained by adding a small amount
(1 or 2 per cent by weight) of thorium oxide to the tungsten. After the
tungsten is drawn and mounted in a tube, the envelope is exhausted, and
the glass and the metal structure are outgassed by baking the tube in an
oven. The metallic parts are further heated with a high-frequency induc-
tion furnace. Just as the tube is sealed off from the pumping system, a
getter is “flashed.” The getter consists of an active chemical substance,
such as magnesium, which absorbs the residual gas and tends to main-
tain a high vacuum. This getter is usually visible in commercial tubes,
it being the silvery deposit on the glass envelope of the tube.

Following the evacuation process, the filament must be activated.
This process requires essentially three steps. The filament is heated to
about 2800°K for several minutes. At this high temperature, the tung-
sten surface is cleaned and some of the thoria inside the tungsten is
reduced to metallic thorium. The filament is then maintained at a tem-
perature of 2100°K for about 30 min. At this temperature the rate of
diffusion of thorium to the surface is still rather high, although the rate
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of evaporation from the surface is rather low. In this way an adsorbed
layer, approximately one molecule thick, of thorium atoms accumulates
on the surface. Finally, the temperature of the filament is reduced to the
operating range, from 1800° to 2000°K.

Under the conditions of normal operation the layer of thorium atoms
slowly evaporates from the filament. This evaporation is compensated
for by the continued diffusion of thorium atoms to the surface. In order
to increase the life of thoriated-tungsten filaments, the process of carboni-
zation has been developed. A surface layer of tungsten carbide is formed
which reduces the rate of evaporation of the thorium layer to about one-
sixth that of noncarbonized filament.!

The limitation to the use of thoriated-tungsten emitters is the deacti-
vation due to positive-ion bombardment. The effect of even a few ions
is severe at high potentials, so that these filaments are confined to use in
tubes that operate with potentials less than about 5,000 volts. Higher-
voltage tubes use pure-tungsten filaments. Most of the 800"’ series of
transmitting tubes use thoriated-tungsten filaments.

It is rather difficult to obtain representative values for the emission
constants in the Dushman equation, since these values depend markedly
upon the fraction of the surface that is covered by thorium. Though
several values of Ay and b, are to be found in the literature, the values?
given in Table 4-1 are representative. The presence of the monatomic
layer of thorium on the surface of the tungsten does not alter the thermal
properties of the tungsten, and it is possible to determine the temper-
ature of the filament from the thermal data for pure tungsten.

Ezxample. The saturation current from a certain thoriated-tungsten filament oper-
ating at 2000°K is 100 ma. What would be the emission from a pure-tungsten fila-
ment of the same area operating at the same temperature?

Solution. Equation (3-15) for tungsten is

I = (8)(60.2 X 10%)(2,000)252-400/2,000
Similarly, for thoriated tungsten, Eq. (3-15) becomes
100 X 1073 = (8)(3.0 X 10%)(2,000)230,500/2.000
Upon dividing these two equations, there results
52,400 | 30,500

1 _60.2 ¢ 2,000 " 2,600
0.1 30

or
I = 2011095

This quantity can be evaluated with the aid of logarithms. Thus,

logio I = logis (2.01) — (0.434)(10.95)
=030 — 475 = —4.45 = 0.55 — 5
I = 3.55 X 107% or 35.5ua
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Ozide-coated Cathodes.®* The modern oxide-coated cathode is the most
efficient type of emitter that has been developed commercially. It con-
sists of a metallic base of platinum, nickel, nickel with a few per cent of
cobalt or silicon, or Konal metal. Konal metal is an alloy consisting of
nickel, cobalt, iron, and titanium. Konal-metal sleeves are used very
extensively as the indirectly heated cathode of radio receiving tubes.
The wire filaments or the metallic sleeves are coated with oxides of the
alkaline-earth group, especially barium and strontium oxides.

Before the oxide-coated cathode shows appreciable electron emission,
it must be activated. The activation process consists essentially in oper-
ating the cathode for several minutes at a temperature which is above
the normal operating temperature. The cathode is then maintained at
a lower temperature for a longer period of time, an anode potential being
applied so as to draw electron current. - During this process, the emission
increases rapidly to a high value. The activation process probably results
in the reduction of some oxide to the pure metallic form, which will be
distributed throughout the body of the coating.

Four characteristics of the coating account for its extensive use. The
first is its long life, several thousand hours under normal operating con-
ditions being common. At reduced filament power several hundred
thousand hours have been obtained. The second is the fact that it can
easily be manufactured in the form of the indirectly heated cathodes
(Sec. 4-2). The third is the ability to give tremendous outputs under
pulsed conditions. Thus it has been found that for (microsecond) pulses
current densities in excess of 10° amp/m? may be obtained.* The fourth
is its very high cathode efficiency.

Oxide-coated cathodes are subject to deactivation by positive-ion bom-
bardment and so are generally used in low-voltage tubes only. The
emission properties of an oxide-coated cathode are influenced by many
factors, for example, the proportion of the contributing oxides, the thick-
ness of the oxide coating, possibly the core material, and the details of the
processing. Hence, the emission characteristics change with the age of
the cathode and vary markedly from tube to tube. The determination
of the relationship between the power input and the emissivity or tem-
perature is very difficult.>® Hence, unique values of Ew and A, for
oxide-coated cathodes cannot be given. However, the mass of experi-
mental data available indicates that a reasonable value for the work
function is of the order of 1 to 1.5 volts and for A, of approximately
0.01 X 10* amp/(m?)(°K?), as given in Table 4-1.

Since the emission characteristics of oxide-coated cathodes are so varia-
ble, the reader may have wondered how tubes using these cathodes can
serve satisfactorily in any circuit. It is shown in Sec. 4-4 that tubes
usually operate under conditions of space-charge limitation and not
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under conditions of temperature limitation. This statement means that
the current is determined by the plate voltage and not by the cathode temperature.
Thus, despite their rather unpredictable emission characteristics, oxide-
coated cathodes make excellent tube elements provided only that their
thermionic-emission current never falls below that required by the circuit.

Oxide-coated cathodes are used in the greatest percentage of com-
mercial electron tubes. Almost all receiving tubes, many low-voltage
transmitting tubes, and practically all gas tubes use such cathodes.

4-2. Commercial Cathodes. The cathodes used in thermionic tubes
are sometimes directly heated filaments in the form of a V, a W, or a
straight wire, although most tubes use indirectly heated cathodes.

The indirectly heated cathode was developed so as to minimize the hum
(Sec. 15-11) arising from the various effects of a-c heater operation. The
general forms of indirectly heated cathodes for use in vacuum tubes are
illustrated in Fig. 4-1. The heater wire is contained in a ceramic insulator

~  which is enclosed by a nickel or Konal-

v metal sleeve on which the oxide coat-
' 9% ing is placed. The cathode as a unit

is s0 massive that its temperature does
not vary appreciably with instantane-
ous variations in the magnitude of the
heater currents. Further, since the
p _ sleeve is the emitting surface, the cath-
f | | ode is essentially equipotential. The

524 25A6 6K7 25L6 heater wire within the ceramic insula-
Fig. 4-1. Typical indirectly heated tor is tungsten or an alloy of tungsten
cathodes. (Courtesy of Radio Cor- o4 molybdenum. The ceramic in-
poration of America.) . .

sulator which acts to isolate elec-
trically the heater wire from the cathode must, of course, be a good heat
conductor. Materials that are extensively used for this purpose are the
oxides of beryllium and aluminum. Under normal conditions of opera-
tion, the heater is maintained at about 1000°C, which results in the cathode
temperature being at approximately 850°C.

If an excessive potential difference is maintained between the heater
and the cathode, the thin layer of insulation may break down. This
consideration is frequently of extreme importance in practice, where it
may be desired to heat several cathodes that are at different potentials
with respect to ground from the same heater circuit. Recommended
practice is to limit the potential difference between the heater and the
cathode to about 100 volts, unless the manufacturer specifies a larger
allowable voltage. If the difference in voltage between two cathodes is
greater than this recommended value, then separate heater transformers
must be used.
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4-3. The Potential Variation between the Electrodes. Consider a
simple thermionic diode, whose cathode can be heated to any desired
temperature and whose anode potential may be maintained at any desired
value. It will be assumed for the present that the cathode is a plane
equipotential surface and that the collecting anode is also a plane which is
parallel to it. The potential variation '
between the electrodes is to be investi- ' TeHoh

gated for a given value of anode voltage-

To a first approximation, the electrons A—r
are emitted from the cathode with zero B> >4
initial velocities. Under these circum- 7 /
stances, the curves showing the variation § T3T 2 7 I
of potential in the interelectrode space & 7/ b
for various temperatures of the cathode 4 ol 3
are given in Fig. 4-2. The general shape 4 ,/ <
of these curves may be explained as 4
follows: At the temperature T at which k€& {//__ -

- or non-zero Initia

no electrons are emitted, the potential Verooes
gradient is constant, so that the potential Fia. 4-2. The potential variation
variation is a linear function of the dis- between plane-parallel electrodes
tance from the cathode to the anode. ftzfnpzi;'f;?i. values of ~cathode
Use was made of this linear potential

distribution in Chap. 1, where the motion of an electron in a constant
electric field of force was under consideration.

At the higher temperature T',, an appreciable density of electrons exists
in the interelectrode space. The potential variation will be somewhat as
illustrated by the curve marked T in Fig. 4-2. The increase in temper-
ature can change neither the potential of the cathode nor the potential of
the anode. Hence, all the curves must pass through the fixed end points
K and A. Since negative charge (electrons) now exists in the space
between K and A, then, by Coulomb’s law, the potential at any point will
be lowered. The greater the space charge, the lower will be the potential.
Thus, as the temperature is increased, the potential curves become more
and more concave upward. At T';, the curve has drooped so far that it is
tangent to the X axis at the origin. That is, the electric-field intensity
at the cathode for this condition is zero. One may sketch the broken
curve of Fig. 4-2 to represent the potential variation at a temperature
higher than T'5. This curve contains a potential minimum. Such a con-
dition is physically impossible, if the initial velocities of the emitted elec-
trons are assumed negligible. That this is so follows from the discussion
given below.

Consider the potential-energy curves corresponding to Fig. 4-2. Since
the potential energy is equal to the product of the potential V" and the
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charge —e, then the curves of Fig. 4-3 are simply those of Fig. 4-2
inverted, the unit of the ordinates being changed to electron volts. It is
immediately evident that the broken curve represents a potential-energy

barrier at the surface of the cathode.

Potential
energy (e-v)

K

Several such potential-energy bar-
riers have already been considered in
Chap. 3. On the basis of our previ-
ous discussions, it is clear that only
those electrons which possess an ini-
tial energy greater than E,,, the maxi-

mum height of the barrier, can escape
\ from the cathode and reach the
anode. Consequently, the assumed
condition of zero initial velocities of
the emitted electrons precludes the
possibility of any electrons being
emitted. As aresult, the barrier will
be broken down, since the applied
field will cause those electrons which
produce the barrier to leave the inter-
electrode space and become part of
the anode current. This automatic growth and collapse of the potential
barrier outside the cathode may be considered as a self-regulating valve
that allows a certain definite number of electrons per second to escape
from the cathode and reach the anode, for a given value of plate voltage.
It can be inferred from the foregoing argument that the maximum cur-
rent that can be drawn from a diode for a fixed plate voltage and any
temperature whatsoever is obtained under the condition of zero electric

field at the surface of the cathode. Thus, for optimum conditions,
av

Cathode

e
Anode

2

Fic. 4-3. The potential-energy vari-
ations corresponding to the curves of
Fig. 4-2.

at x =0 4-1)

This condition is based on the assumption that the emitted electrons have
zero initial energies. Because the initial velocities are not truly zero, the
potential variation within the tube may actually acquire the form illus-
trated by the broken curve of Fig. 4-2. However since the potential
minimum in Fig. 4-2 is usually small in comparison with the applied
potential, it will be neglected and the condition (4-1) will be assumed to
represent the true status when space-charge current is being drawn.

In the next section the analytical expression for the potential as a func-
tion of distance will be derived. The starting point in this derivation is
Poisson’s equation, which relates the density of electrons with the poten-
tial at any point in the interelectrode space. The derivation of this
equation is given in Appendix V. It is simply a mathematical restate-
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ment of Coulomb’s law relating the potential with the charge, except that
the space-charge cloud is treated as a continuous volume density of charge
rather than an cnsemble of discrete point charges.
Poisson’s equation is
a2V p
i (4-2)
where z is the distance from the cathode in meters, V is the potential in
volts, p is the magnitude of the electronic volume charge density in cou-
lombs per cubic meter, and €, is the permittivity of free space in the mks
system. The shapes of the curves in Fig. 4-2 conform to this equation.
Thus, for T = T where p = 0, Eq. (4-2) becomes
azv av
d 0 or Fr const
This equation represents a straight line, as shown in Fig. 4-2. Further-
more, the curve for any other temperature must be concave upward
because, from Eq. (4-2), d2V /da?is a positive number. A positive second
derivative means that the change in slope dV /dz, between two adjacent
points, must be positive. We may readily verify that

dV] dVJ
dx |p,  dx |p,
is positive for any two neighboring points 1 and P» of Tig. 4-2. Further,
the change in slope is greater for larger values of p, corresponding to higher
temperatures.

4-4. Space-charge Current. We shall now obtain the analytical rela-
tionship between the anode current and voltage in a diode. The elec-

trons flowing from the cathode to the anode constitute the current. The
magnitude of the current density J is given by Eq. (1-34), viz.,

J = pv amp/m? (4-3)

where v is the drift velocity of these electrons in meters per second and
where p is the volume density of electric charge in coulombs per cubie
meter. Both p and v are functions of the distance from the origin (the
cathode). However, the product is constant, since the number of elec-
trons passing through unit area per second must be the same for all points
between a plane cathode and a parallel anode. This statement expresses
the principle of conservation of electric charge. Therefore, at the cathode,
where the velocity of the electrons is very small (the velocities being the
initial velocities), the charge density must be very large. Inthe neighbor-
hood of the anode, the velocity is a maximum; hence the charge density is
a minimum. If the initial velocities are neglected, the velocity of the
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electrons at any point in the interelectrode space may be determined from
the equation that relates the kinetic energy of the particle with the poten-
tial through which it has fallen, vsz.,

3mv? = eV (4-4)
There results, from Eqgs. (4-2), (4-3), and (4-4),
@ev_e_J_ T - = k-4 -
ZZCC2 N €p N Veg N [2(6/’”1)]%60 v = kv (4 5)
where
p=_J (4-6)

[2(e/m) e

is a constant, independent of x.
The solution of Eq. (4-5) is obtained as follows: Let y = dV/dz, and
this equation becomes

dy

= _%

7 EV
or

dy = kv-1dz = kv 2V

Y
Hence,
ydy = kV-:dV
which integrates to
2
% = 2kVE 4+ C; (4-7)

The constant of integration €, is zero because at the cathode V = 0 and
y = dV/dx = 0, from Eq. (4-1). By taking the square root of Eq. (4-7)
there results

- ‘% = 2%VE  and  V—tdV = 2% da

This equation integrates to
Vi = 2ktx 4+ C,
The constant of integration C, is zero because V = 0 at ¢ — 0. Finally,
V = (3)thist (4-8)

It is seen that the potential depends upon the four-thirds power of the
interelectrode spacing. For example, the curve marked 7 s in Fig. 4-2 is
expressed by the relation

V = ogt o (4-9)

where « is readily found in terms of constants and the current density J
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from the foregoing equations. However, a may also be written as Ey/d?,
where d is the separation of the electrodes and E, is the plate potential.
This is so because Eq. (4-9) is valid for the entire interelectrode space,
including the boundary z = d where V = E,.

The complete expression for the current density is obtained by com-
bining Egs. (4-8) and (4-6). The result is

YA ,
In terms of the boundary values, this becomes, upon inserting the value
of e/m for electrons and ¢ = 10~?/36m,

J =233 X 10—6% amp/m? (4-11)
Therefore, the plate current varies as the three-halves power of the plate
potential. This result was established by Langmuir,® although it had
been previously published in a different connection by Child.” Tt is
known by several different names, for example, the Langmuir-Chald law,
the three-halves-power law, or simply the space-charge equation.

It will be noticed that this equation relates the current density, and so
the current, in terms only of the applied potential and the geometry of the
tube. The space-charge current does not depend upon either the temper-
ature or the work function of the cathode. Hence, no matter how many
electrons a cathode may be able to supply, the geometry of the tube and
the potential applied thereto will determine the maximum current that
can be collected by the anode. Of course, it may be less than the value
predicted by Eq. (4-11), if the electron supply from the cathode is
restricted (because the temperature is too low). To summarize, the plate
current in a gwen diode depends only upon the applied potential, provided
that this current is less than the temperature-limited current.

The velocity of the electrons as a function of position between the
cathode and anode can be found from Eq. (4-4) with the aid of Eq. (4-10).
Then the charge density as a function of z can be found from Eq. (4-3).
It is easily found (Prob. 4-7) that v varies as the two-thirds power of x
and that p varies inversely as the two-thirds power of . This physically
impossible result that at the cathode the charge density is infinite is a
consequence of the assumption that the electrons emerging from the
cathode all do so with zero initial velocity. Actually, of course, the
initial velocities are small, but nonzero, and the charge density is large,
though finite.

It will be found that conditions in certain portions of a gaseous dis-
charge (Sec. 12-21) are precisely the same as those discussed above, except
that the current-carrying particles are positive ions of mass m; instead of
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electrons of mass m.. Under these conditions, the space-charge equa-
tions must be modified in order to take into account this difference in
mass and, if any, the difference in charge that is carried by the ion.
Equation (4-10) is to be replaced in these cases by the expression

(e/m): V¥
(e/m), x?
4-5. Cylindrical Diodes. Systems that possess plane-parallel elec-

trodes were considered above because the simplicity of this geometry
made it easy to understand the physical principles involved. However,

J =233 X 10-° amp/m? (4-12)
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F1a. 4-4. Langmuir’s space-charge parameter 2.

such tube geometry is almost never met in practice. More frequently,
tubes are constructed with cylindrical symmetry, the anode being in the
form of a cylinder that is coaxial with a cathode of either the directly or
the indirectly heated type. The solution of the space-charge equation
for such a system, subject to the conditions that field distortion due to
the end effects is negligible, that both the anode and the cathode are
equipotential surfaces, and that the electrons emerge from the cathode
with zero initial velocities, is found to be®

I, = 14.6 X 10‘“%%%%
In this expression F, is the plate voltage, r, is the plate radius, [ is the
length of the plate, and 82 is determined from the ratio r,/r, from Fig. 4-4,

amp (4-13)
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A comparison of Eqs. (4-11) and (4-13) reveals that the current varies
inversely as the square of the distance between the electrodes in the case
of plane-parallel electrodes and varies inversely as the first power of the
anode radius in the case of cylindrical electrodes, provided that the ratio
r./7v is sufficiently large so that 82 may be considered approximately equal
to unity.

Attention is called to the fact that the plate current depends upon the
three-halves power of the plate potential for both the plane-parallel sys-
tem and the one possessing cylindrical symmetry. This is a general
relationship, since it is possible to demonstrate® that an expression of the
form

I, = GEy} (4-14)

where Iy is the plate current, applies for any geometrical arrangement of
cathode and anode, provided that the same restrictions as imposed in the
foregoing analyses are true. The specific value of the constant G, called
the perveance, that exists in this expression depends upon the geometry
of the system.

Example. Given a cylindrical cathode 1.8 em long and 0.16 ¢m in diameter whose
thermionic emission is 40 ma at the operating temperature. An anode 1.0 c¢m in
diameter is coaxial with this cathode. What is the plate current when the plate
potential is 50 volts? If the plate potential is increased to 100 volts, what is the new
value of plate current?

Solution. The space-charge-limited current is calculated from Eq. (4-13). The
value of 82 corresponding to ro/r: = 0.5 ¢cm/0.08 em = 6.24 is found from Fig. 4-4 to
be 0.85. Hence

2 3
I, = 146 X 10—&%%’; = (14.6 X 10-%) ((1)% (% = 21.8 ma
Since this is less than the thermionic current, then the plate current will be the space-
charge current, of 21.8 ma.

For Ey, = 100 volts, which is double the voltage used above, the three-halves-power

current will be 2% times the value just calculated, or

Iy, = 28 X 21.8 = 61.7 ma

Since this exceeds the thermionic current, then the plate current will be the thermionie
current, or 40 ma.

This example emphasizes the fact that, if the thermionic and space-charge currents
are caleulated, the plate current will always equal the smaller of these two values.

4-6. Factors Influencing Space-charge Current. Several factors
modify the equations for space charge given above, particularly at low
plate voltages. Among these factors are:

1. Filament Voltage Drop. The space-charge equations were derived
on the assumption that the cathode is an equipotential surface. This is
not a valid assumption for a directly heated emitter, and the voltage
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across the ends of the filament causes a deviation from the three-halves-
power equation. In faet, the results depend on whether the plate cur-
rent is returned to the positive or to the negative end of the filament.

If the plate current is returned to the negative end of the filament, the
actual voltage of the various portions of the filament is less than the
applied voltage, because of the repelling action of the filament voltage.
Hence, the space-charge current is less than that which can be obtained
from a geometrically similar equipotential cathode. If the cathode lead
is returned to the positive end of the filament, an increased current is
obtained. The effect of filament voltage drop is largely eliminated by
returning the plate current to the filament mid-point, if this is available,
or to a center-tapped resistor across the filament. If the filament is
heated with a transformer, the plate is returned to the center tap of the
secondary winding,

2. Contact Potential. In every space-charge equation, the symbol E,
must be understood to mean the sum of the applied voltage from plate to
cathode plus the contact potential between the two. TFor plate voltages
of only a few volts, this effect may be quite appreciable.

3. Asymmetries in Tube Structure. Commercial tubes seldom possess
the ideal geometry assumed in deriving the space-charge equations.

4. Gas. The presence of even minute traces of gas in a tube can have
marked effects on the tube characteristics. If the voltage is sufficiently
high to cause ionization of the residual gas molecules, the plate current

© will rise above that demanded by the space-

Potentiol charge equations because the positive ions that

are formed neutralize the electronic-charge den-

L © sity. Modern vacuum tubes are exhausted to
< § g, pressures of about 10~® mm Hg.

8§ <0 5. Initial Velocities of Emitted Electrons. If

the initial velocities of the electrons are not

M neglected, then the equilibrium condition will

E”‘ == "7 % no longer be that of zero electric field at the

be d Em cathode. Instead, the variation of potential

Fie. 4-5. The potential vith interelectrode spacing will be somewhat as
:S;Icit-lcol?alr;: pgigg'é’ arj,lilg depicted by the broken curve of Fig. 4-2, which
the initial velocities of the is reproduced in Fig. 4-5 for convenience. This
electrons taken into ac- represents a potential-energy barrier at the
count. cathode surface, and so it is only those electrons
whose energies are greater than the height E, of this barrier that can
escape from the cathode. The height of this barrier is, from the results
of Sec. 3-10, a fraction of 1 ev.

At a distance ., from the surface of the thermionic emitter, the point
of the potential minimum, the electric-field intensity passes through zero.
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Hence the point M may be considered as the position of a “virtual”
cathode. Evidently, the distance that will enter into the resulting space-
charge equation will be d — z,, and not d. Likewise, the effective plate
potential will be E» + E., and not E, alone. Both of these factors will
tend to increase the current above that which exists when the initial
velocities are neglected.

The exact mathematical formulation of the space-charge equation tak-
ing into account the energy distribution of the electrons is somewhat
involved. It can be found in the literature.!?

To summarize, the plate current in a diode is not strictly a function
only of the plate potential but does depend, to a small extent, upon the
temperature of the cathode.

If all the factors discussed above are neglected, theory predicts that a
plot of log I, vs. log E, should be a straight line having a slope equal to
1.5, since from the equation I, = GE! we find

logio Iy = logio G + 2 logi Kb

Dishington!! has determined this slope for 22 types of commercial diode.
The values ranged from 1.24 to 1.49 with the average at 1.42.

4-7. Diode Characteristics. The discussion in this and in the preced-
ing chapter has revealed that the two most important factors that deter-
mine the characteristics of diodes are thermionic emission and space
charge. The first gives the temperature saturated value, 7.e., the maxi-
mum current that can be collected at a given cathode temperature,
regardless of the magnitude of the applied accelerating potential. (This
statement is strictly true only if the Schottky effect is neglected.) The
second gives the space-charge-limited value, or
the voltage saturated value, and specifies the ¢
maximum current that can be collected at a
given voltage regardless of the temperature of
the filament.

The volt-ampere characteristics obtained ex-
perimentally for an oxide-coated cathode are
shown in Fig. 4-6. It should be noted that the
space-charge currents corresponding to the differ- €
ent temperatures do not coincide but that the Fic. 4-6. Volt-ampere di-
currents decrease slightly as the temperature ©de characteristics for

. .. various filament temper-
decreases. Further, there is no abrupt transition  gqyres.
between the space-charge-limited and the tem-
perature-limited portions of the curves, but rather a gradual transition
occurs. Also, the current for the temperature-limited regions gradually
rises with increased anode potentials.
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The temperature-current curves obtained experimentally for a tungsten-
filament tube are illustrated in Fig. 4-7. The curve for B, = 250 volts is
actually a plot of the Dushman equation for temperatures up to about
2400°K. Beyond this temperature, the curve shows a changing curva-
ture that indicates that the current is becoming space-charge-limited.
That is, the plate voltage is not high enough to collect saturation current.

The bend in the curves is much

70 ] more noticeable for the lower plate
N voltages. Again we see that there
60— By
B i1s no abrupt change from the
T 1 §Y 500 temperature-limited to the space-
50 7@/ charge-limited regions. As a mat-
g / // ter of fact, the true space-charge
£90 4 current is not reached at all with
5 21594 the higher voltages and is only
‘%’;30 [ /E approached for E, = 100 volts, as
& V/ is evident from the curves.
20 f—t,=100 The explanation of the shapes of
/ s the diode characteristics lies in a
10 consideration of the numerous con-
/z/ tributing factors. For example, in
oLt—"] the case of a directly heated cath-
2000 2100 2200 2300 2400 2500

ode, the drop in potential along the

Filament temperature, °K

Fre. 4-7. Temperature-current curves of
the General Electric FP 85 tungsten-
filament diode with the plate voltage as a
parameter.

cathode will cause the different por-
tions of the cathode to be at differ-
ent values of voltage saturation.

Another appreciable factor affect-
ing the shape of the curves is that the filament is not all at the same
temperature. The consequence of the different temperatures existing at
different parts of the cathode will result in temperature-limited currents
that are limited at different values of temperature. Evidently the tem-
perature effects are less pronounced when indirectly heated cathodes are
used.

The application of the high anode potentials in order to collect the space
current will give rise to an appreciable increase in current because of the
Schottky effect. This effect may become particularly marked in the case
of thoriated-tungsten and oxide-coated cathodes, since hot spots may
result and consequently the thermionic emission may be increased.

4-8. Diode Resistance and Capacitance. An ideal diode is defined as
a two-terminal circuit element having the volt-ampere characteristic
shown in Fig. 4-8a. When the diode conducts, the ratio of the applied
voltage e, to the current 4, called the forward resistance Ry, is zero.. For
negative voltages, the ratio e,/, called the back resistance R, is infinite.
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The ideal diode has characteristics which are independent of temperature.
Additionally, in an ideal diode, the capacitance shunting the diode is
assumed to be negligible. A thermionic-diode characteristic, for voltages

iy I
I
€p v €p
I [
(a) (0)

F1a. 4-8. Diode characteristics. (a) Ideal diode. (b) Thermionic diode.

below saturation, is sketched in Fig. 4-8b. This real diode differs from
the ideal tube in the following respects:

1. The forward resistance is not zero, but R, lies in the approximate
range of 100 to 1,000 ohms.

2. The value of Ry is not constant but depends upon the applied volt-
age. It is sometimes convenient to introduce the dynamic or incremental
plate resistance r,, defined by

deb

» = &, (4-15)

Of course, if the volt-ampere characteristic were a straight line passing
through the origin, then R; would be equal to r,. For low values of
current we have from Eq. (3-22) that

rp = EII e/ Br (4-16)

On the other hand, for space-charge-limited currents we have from Eq.
(4-14) that
2 2Ry

= (4-17)

™7 3Get | 3

3. The back resistance is not infinite although values of hundreds or
even thousands of megohms are attainable even for small negative applied
voltages.

4. The “break’ in the characteristic (the division between the high-
and low-resistance regions) is not sharp and may not occur at zero applied
voltage.

5. As already mentioned in Sec. 4-6, the volt-ampere characteristic is
not strietly space-charge-limited but does depend somewhat upon the
filament temperature. Experiment reveals that there is a shift in the
characteristic of about 0.1 volt for a 10 per cent change in heater voltage.
The higher the filament voltage, the more the curves shift to the left,
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because the increase in the initial velocities of the electrons with increase
in temperature results in higher currents at a given voltage. The shift
with tube replacement or tube aging is found in practice to be of the
order of +0.25 volt.

6. Since a diode consists of two metallic electrodes, a cathode and an
anode, separated by a dielectric, a vacuum, this device constitutes a
capacitor. The order of magnitude of this capacitance is Suuf. To this
value must be added the wiring capacitance introduced when the diode is
inserted into a circuit.

4-9. Rating of Vacuum Diodes. The rating of a vacuum diode, .e.,
the maximum current that it may normally carry and the maximum
potential difference that may be applied between the cathode and the
anode, is influenced by a number of factors.

1. A definite limitation is set by the cathode efficiency (Table 4-1),
which is the ratio of the emission-current density to the heating power
of the cathode.

2. The temperature to which the glass envelope of the tube may be
safely allowed to rise also furnishes a limitation to the normal rating. In
order that the gas adsorbed by the glass walls should not be liberated, the
temperature of the envelope must not be allowed to exceed the tempera-
ture to which the tube was raised in the outgassing process.

3. Probably the most important factor limiting the rating of a tube is
the allowable temperature rise of the anode. When a diode is in oper-
ation, the anode becomes heated to a rather high temperature because of
the power that must be dissipated by the anode. This power may be
considered either in terms of the kinetic energy carried by the electrons
and transferred to the plate when they are collected, or in terms of the
product of the plate current and the plate potential. The instantaneous
power may be expressed in either of the forms

sNmv? = Nee, = dpep watts

where N is the number of electrons per second carried by the beam, e is the
charge of the electron in coulombs, m is the electronic mass in kilograms,
v is the electronic velocity at the anode in meters per second, ¢ is the
instantaneous plate current in amperes, and e, is the instantaneous plate
potential in volts. In addition to the power carried by the anode current,
the anode will also be heated to some extent by the heat that it intercepts
from the cathode. This term depends upon the degree to which the anode
surrounds the cathode and so intercepts heat radiation from it.

The temperature of the anode will rise until the rate at which the energy
supplied to the anode from all sources just equals the rate at which the
heat is dissipated from the anode in the form of radiation. Consequently,
for a given power supplied to the anode, the temperature to which it will
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rise will depend upon the area of the anode and the material of which it is
construeted, in accordance with Eq. (3-17). The most common metals
used for anodes are nickel and iron for receiving tubes and tantalum,
molybdenum, and graphite for transmitting tubes. The surfaces are
often roughened or blackened in order to increase the thermal emissivity
and permit higher-power operation. These anodes may be operated at a
cherry-red heat without excessive gas emission or other deleterious effects.
For the larger tubes, it is necessary that the anodes be cooled. The heat
is carried away either by circulating water through special cooling coils
or by forced-air cooling!'? on radiator fins which are attached to the
anode.

4. The voltage limitation of a high-vacuum diode is not always deter-
mined by the permissible heating of the anode. For the case of a tube in
which the filament and anode leads are brought out side by side through
the same glass press, conduction may take place between the filament
leads and the anode lead through the glass itself, especially if the voltage
between these leads is high. For this reason, high-voltage rectifiers are
generally provided with filament leads and the anode lead at opposite ends
of the glass envelope.

Also, the separation of the leads of high-voltage rectifiers must be large
enough to preclude the possibility of flashover through the air. In fact,
1t is the highest voltage that may be safely impressed across the electrodes
with no flow of charge that determines the safe voltage rating of a tube.
Since, with an alternating potential applied between the cathode and
anode, no current must exist during the portion of the cycle when the
anode is negative with respect to the cathode, the maximum safe rating
of a rectifying diode is known as the peak inverse-voltage rating,.

Commercial vacuum diodes are made to rectify currents at very high
voltages, up to about 200,000 volts. Such
units are used with X-ray equipment, I
high-voltage cable-testing equipment, and
high-voltage equipment for nuclear-phys-
ics research. N *

4-10. The Diode as a Circuit Element.

. . . . . . e RL €o
The basic diode circuit of Fig. 4-9 consists ~T i JL

of the tube in series with a load resistance
R: and an input signal source e volts. _L_
Since the heater plays no part in the yig 4.9, The basic diode circuit.
analysis of the ecircuit, it has been omitted
from Fig. 4-9, and the diode is indicated as a two-terminal device. This
circuit will now be analyzed.

The instantaneous plate current is 7, and the instantaneous voltage

across the diode is e;, when the instantaneous input voltage is e. Evi-
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dently, by Kirchhoff’s voltage law,
€ = € — ibRL (4—18)

where R, is the magnitude of the load resistance. This one equation is not
sufficient to determine the two unknowns e and ¢, in this expression.
However, a second relation between these two variables is given by the

static plate characteristic of the

% diode (Fig. 4-6). In Fig. 4-10 there

7% Load is indicated the simultaneous solu-

line cﬁ%ff tion of Eq. (4-18) and the diode

N plate characteristic. The straight

2 __\>\ N\ B line, which is represented by Eq.

L NAINE | Dynomic 4-18), is called the “load line.”
2 A4 | curve ’

> | The load line passes through the

N . . .

N - points 7 = 0, ¢ = e and %, = ¢/Ry,

0 0 . e’Je e ¢, = 0. That is, the intercept with

€b Wh, the voltage axis is e and with the

Fi1c. 4-10. ’Phe method of constructiqg current axis is e/R;. The slope of
the dynamic curve from the static 1. 106 55 determined, therefore by
curve and the load line. ’ ’

R;. It may happen that @, = ¢/RyL
is too large to appear on the printed volt-ampere characteristic supplied
by the manufacturer. If I, does appear on this characteristic, then one
point on the load line is 4 = I,, & = ¢ — I,R. and the second point is
7:1, = 0, €, = €.

The point of intersection A of the load line and the static curve gives
the current 74 that will flow under these conditions. This construction
determines the current in the circuit when the instantaneous input poten-
tial is e. This current is plotted vertically above e at point B in the
diagram. If the input voltage is permitted to vary, the corresponding
current will vary. Clearly, the slope of the load line does not vary since
Ry isfixed. Thus, when the applied potential has the value €', the corre-
sponding current is 54~ This current is plotted vertically above ¢’ at B’.
The resulting curve OB’B that is generated as e varies is called the
“dynamic characteristic.”

It is to be emphasized that, regardless of the shape of the static charac-
teristic or the wave form of the input voltage, the resulting wave form
of the current in the output circuit can always be found graphically from
the dynamic characteristic. This construction is indicated in Fig. 4-11.
The input-signal wave form (not necessarily sinusoidal) is drawn with its
time axis vertically downward so that the voltage axis is horizontal.
Suppose that the input voltage has the value indicated by the point A4
at an instant . The corresponding current is obtained by drawing a
vertical line through A and noting the current a where this line intersects
the dynamic curve. This current is then plotted at an instant of time
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equaltot’. Similarly, points b, ¢,d, . . . of the current wave form corre-
spond to points B, C, D, . . . of the input-voltage wave form.

The construction of Fig. 4-11 indicates that, for negative input volt-
ages, zero output current is obtained. If the dynamic characteristic is
linear, then the output voltage e, = ,Ry, is an exact replica of the input
voltage e except that the negative portion of e is missing. In this appli-
cation the diode acts as a clipper. If the diode polarity is reversed, the
positive portion of the input voltage is clipped. The clipping level need
not be at zero (or ground) potential. For example, if a reference battery

DOynamic
curve

Fic. 4-11. The method of obtaining the output-current wave form from the dynamic
curve for a given input-voltage wave form.

Er is added in series with Ry, of Fig. 4-9 (with the negative battery termi-
nal at ground), then signal voltages smaller than Er will be clipped.
Many other wave-shaping circuits'® employ diodes.

One of the most important applications of a diode is rectification. If
the input voltage is sinusoidal, then the output consists of only positive
sections (resembling half sinusoids). The important fact to note is that,
whereas the average value of the input is zero, the output contains a
nonzero d-c value. Hence, rectification, or the conversion from alter-
nating to direct voltage, has taken place. Practical rectifier circuits are
discussed in Chaps. 14 and 19. Diodes also find extensive application in
digital computers and in circuits used to detect radio-frequency signals.
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CHAPTER 5

SEMICONDUCTOR-DIODE CHARACTERISTICS

IN THIS chapter we demonstrate that if a junction is formed between a
sample of p-type and one of n-type semiconductor this combination pos-
sesses the properties of a rectifier. The volt-ampere characteristics of
such a junction are derived. A detailed study of the electron and hole
currents as a function of distance is made. The capacitance across the
junction is calculated. Finally, other types of semiconductor rectifiers
are discussed.

Although the transistor is a triode semiconductor, it may be considered
as one diode biased by the current from a second diode. Hence most of
the theory developed in this chapter will be exploited later in connection
with our study of the transistor.

6-1. Qualitative Theory of the p-n Junction.! If donor impurities are
introduced into one side and acceptors into the other side of a single
crystal of a semiconductor, say germanium, a p-n junction is formed.
Such a system is illustrated in Fig. 5-la. The donor ion is indicated
schematically by a plus sign because after this impurity atom “donates’’
an electron it becomes a positive ion. The acceptor ion is indicated by a
minus sign because after this atom “accepts’ an electron it becomes a
negative ion. Initially there are nominally only p-type carriers to the
left of the junction and only n-type carriers to the right. As a result of
the density gradient across the junction, holes will diffuse to the right
across the junction and electrons to the left.

As a result of the displacement of these charges, an electric field will
appear across the junction. When the field becomes large enough, the
process of diffusion will be restrained and equilibrium will be established.
The general shape of the charge distribution may be as illustrated in
Fig. 5-1b. The electric charges are confined to the neighborhood (=210—*
cm) of the junction and consist of immobile ions. We see that the posi-
tive holes which neutralized the acceptor ions near the junction in the
p-type germanium have disappeared as a result of combination with elec-
trons which have diffused across the junction. Similarly, the neutralizing
electrons in the n-type germanium have combined with holes which have

crossed the junction from the p material. The unneutralized ions in the
113
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neighborhood of the junction are referred to as uncovered charges. Since
the region of the junction is depleted of mobile charges, it is called the
depletion region, the space-charge region, or the transition region.

Acceptor Junction Donor
ion . ¥ fon
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Fia. 5-1. A schematic diagram of a p-n junction including the charge density and
\ potential-energy barriers at the junction.

The electrostatic potential variation in the depletion region is shown in
Fig. 5-1c. This variation constitutes a potential-energy barrier against
the further diffusion of holes across the barrier. The form of the poten-
tial-energy barrier against the flow of electrons from the » side across the
junction is shown in Fig. 5-1d. It is similar to that shown in Fig. 5-1c
except that it is inverted, since the electronic charge is negative.
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The necessity for the existence of a potential barrier at the junction
will now be considered further. Under open-circuited conditions the net
hole current must be zero. If this statement were not true, the hole
density at one end of the semiconductor would continue to increase indefi-
nitely with time, a situation which is obviously physically impossible.
Since the concentration of holes in the p side is much greater than that in
the n side, a very large diffusion current tends to flow across the junction
from the p to the n material. Hence, an
electric field must build up across the junction
in such a direction that a drift current will
tend to flow across the junction from the n to - ||¢
the p side in order to counterbalance the diffu- Fro. 5:2. A pn junction bi-

. . rer s o . A p-n junction bi
gsion current. This equilibrium condition of agedinthe reverse direction.

zero resultant hole current allows us to calcu-
late the height of the potential barrier Vi, (Prob. 5-12) in terms of the
donor and acceptor concentrations. The numerical value for Vyis of the
order of magnitude of a few tenths of a volt.

The essential electrical characteristic of a p-n junction is that it consti-
tutes a diode which permits the easy flow of current in one direction but
restrains the flow in the opposite direction. We consider now quali-
tatively how this diode action comes about. In Fig. 5-2, a battery is
shown connected across the terminals of a p-n junction. The negative
terminal of the battery is connected to the p side of the junction and the
positive terminal to the n side. The polarity of connection is such as to
cause both the holes in the p type and the electrons in the n type to move
away from the junction. Consequently the region of negative-charge
density is spread to the left of the junction (Fig. 5-1b), and the positive-
charge-density region is spread to the right. However, this process can-
not continue indefinitely, because in order to have a steady flow of holes
to the left these holes must be supplied across the junction from the
n-type germanium. And there are very few holes in the n-type side.
Hence, nominally zero current results. Actually, a small current does
flow because a small number of hole-electron pairs are generated through-
out the crystal as a result of thermal energy. The holes so formed in the
n-type germanium will wander over to the junction. A similar remark
applies to the electrons thermally generated in the p-type germanium.
This small current is the diode reverse saturation current, and its magni-
tude is designated by I,. This reverse current will increase with increas-
ing temperature [Eq. (5-37)], and hence the back resistance of a crystal
diode decreases with increasing temperature.

The mechanism of conduction in the reverse direction may be described
alternatively in the following way. When no voltage is applied to the
p-n diode, the potential barrier across the junction is shown in Fig. 5-lc.

D n
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When a voltage V is applied to the diode in the direction shown in Fig. 5-2,
the height of the potential-energy barrier is increased by the amount V.
This increase in the barrier height serves to reduce the flow of majority
carriers (.e., holes in p type and electrons in n type). However, the
minority carriers (i.e., electrons in p type and holes in » type), since they
fall down the potential-energy hill, are uninfluenced by the increased
height of the barrier. The applied voltage in the direction indicated in
Fig. 5-2 is called the reverse or blocking bias.

An external voltage applied with the polarity shown in Fig. 5-3 (oppo-
site to that indicated in Fig. 5-2) is called a forward bias. An ideal diode
is defined as one having zero ohmic voltage drop across the body of the
crystal. For such a diode the height of the
potential barrier across the junction will be
lowered by the applied forward voltage V.
4= The equilibrium which was initially established

e between the forces tending to produce diffusion
Fic. 5-3. A p-n junction .. . .. .
biased in the forward direc- ©f Mmajority carriers and the restraining influ-
tion. ' ence of the potential-energy barrier at the
junction will be disturbed. Hence, for a
forward bias the holes cross the junction from the p type to the n type,
and the electrons cross the junction in the opposite direction. These
majority carriers can then travel around the closed circuit, and a rela-
tively large current will flow.

6-2. Semiconductor-diode Volt-Ampere Characteristic. The potential
barrier in Fig. 5-1 keeps the majority carriers from crossing the junction.
If a potential V is applied in the forward direction, this retarding barrier
is lowered by the voltage V, and the current increases exponentially in
the form Ae"/V7, where A is a constant. This situation is analogous to
that which exists when the retarding potential is decreased at the surface
of a thermionic emitter (Sec. 3-10). The IRE Standards on semicon-
ductor symbols recommend V for voltage. Hence, the electron-volt
equivalent of temperature, for which the symbol Er is used in connection
with a vacuum tube, is designated by Vy for a semiconductor device.
By definition,

D n

kT T
e 11,600

(6-1)

where k is the Boltzmann constant in joules per degree Kelvin and e is the
magnitude of the electronic charge. If a large reverse bias (V — — »)
is applied to the p-n junction, the reverse saturation current — I, is
collected. Hence, the current I which flows at an applied forward volt-
age V is given by

I = Ae"vr — I
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For zero applied voltage (a short-circuited junction) the current must be
zero. If this statement were not true, the resultant current would gener-
ate heat in the body of the semiconductor. But there is no energy source
present to supply this heat. Hence, for V = 0, I = 0, and therefore
A = Iy, so that

I = Iy(e""r — 1) (5-2)

The volt-ampere characteristic of a semiconductor diode with an
assumed reverse saturation current of 10 pa is plotted in Fig. 5-4.
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Fra. 5-4. The p-n junction volt-ampere characteristic. Note that the current scale for
the forward direction is different from that for the reverse direction.

Because the forward current is so much larger than the reverse current,
the vertical scale is in milliamperes in the forward direction and in micro-
amperes in the reverse direction. It is this change of scale which accounts
for the apparent discontinuity of the slope at the origin of the curves in
Fig. 5-4. At 0.1 volt forward bias the current is approximately 0.5 ma,
whereas at 0.2 volt it is 30 ma, which indicates the exponential behavior
of current with voltage. If the forward bias is increased beyond a few
tenths of a volt so as to reduce the junction barrier to zero, the above
theory is no longer valid. The current is now determined by Ohm’s law.
We must take into account the resistance through the body of the semi-
conductor, the resistances of the external metallic connections to the
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diode, and any external resistance present. The volt-ampere character-
istic now changes from that indicated by Eq. (5-2) to a linear relationship.
The crystal may easily burn out if the forward voltage is too high.

We shall now consider the reverse-bias characteristic of the diode.
The quantity Vr has the value 0.026 volt at room temperature (25°C).
Therefore when V in Eq. (5-2) is negative and large in magnitude in
comparison with 0.026 volt, the reverse current which flows is —1I,.
However, as the magnitude of the reverse-biasing voltage is increased,
a critical voltage V, is finally reached where the diode volt-ampere char-
acteristic exhibits an abrupt and marked departure from Eq. (5-2), as is
indicated in Fig. 5-4 by the dashed portion of the curve. At this critical
voltage large reverse currents flow and the diode is sald to be in the
breakdown region. We discuss next the physical basis for the occurrence
of the breakdown.

As the reverse voltage across the diode junction increases, the height
of the barrier increases and the maximum electric field encountered in
the junction region also increases. When the field becomes sufficiently
large, the electrons which constitute the current carriers may acquire
enough velocity to produce new carriers by removing valence electrons
from their covalent bonds. These new carriers may, in turn, produce
additional carriers again through the process of ionization by collision, ete.
This cumulative process, which is referred to as avalanche multiplication,
results in the flow of large reverse current, and the diode is said to be in
the region of avalanche breakdown. Even if the initially available car-
riers do not acquire sufficient energy to produce ionization by collision,
it is possible to initiate breakdown through a direct rupture of the cova-
lent bonds because of the existence of the strong electric field. Under
these circumstances, the breakdown is referred to as a Zener breakdown,
and the reverse voltage at which the breakdown occurs is called the Zener
voltage, V.. However, in either case, at breakdown, the reverse current
becomes very large, and the current is largely independent of the voltage.
The situation within the diode before breakdown as well as the volt-
ampere characteristic after breakdown is very closely analogous to what
oceurs in a glow tube (Sec. 13-12).

A point of interest in connection with breakdown in junction diodes is
that the diode will recover when the magnitude of the reverse voltage is
reduced below the breakdown voltage, provided that the diode has not
been damaged by excessive heat dissipation in the breakdown region.
As a result, it has been possible to manufacture junction diodes which
are suitable as voltage-reference or constant-voltage sources. The volt-
ampere characteristic in the reverse direction for a typical low-voltage
silicon voltage-reference diode is shown in Fig. 5-5. It should be observed
that these characteristics are temperature-sensitive. Breakdown diodes
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are available with reference voltages in the range from several volts to
several hundred volts.

The dynamic resistance r of a semiconductor diode (corresponding to the
plate resistance r, of a vacuum diode) is defined by

_av

r=7 (5-3)

The conductance g, which is the reciprocal of r, is given from Eq. (5-2) by
:d_l_ ) V/VT-—I+IO

g = dIf - V—T-e - VT (5_4)

For a reverse bias greater than a few tenths of a volt (so that |V/Vy| > 1)

g is extremely small and 7 is very large. Reverse voltage, volfs

On the other hand, for a forward -10 -9 -8 -7 -6 -5 -4 -3
bias greater than a few tenths of a 0 {
volt, I > I,, and ¢ and r are given -2 reakdown
(approximately) by 4 voltage ||
=7Z0volts ||
I _Vr %
" Vr r=7 6% ¢
+ -8
The conductance is proportional to ¢
the direct current I, and the resist- é“o
ance varies inversely with I. At £_p
room temperature, Vy = 0.026 volt g ”
and hence h
-16
26
r = T (5—6) _18
where I is expressed in milliamperes -20 - o
and rin ohms. For a current of 26 ma oo 25°¢ 0%

the dynamic resistanceis 1 ohm. The Fia. 5-5. Zener characteristics of the
ohmic body resistance of the semi- type 653C4 silicon diode. (Courtesy
conductor may be of the same order of the Texas Instrument Company.)
of magnitude or may greatly exceed this value.

b-3. Space-charge or Transition Capacitance Cr. As mentioned in
Sec. 5-1, a reverse bias causes majority carriers to move away from the
junction, thereby uncovering more immobile charges. Hence, the thick-
ness of the space-charge layer at the junction increases with reverse volt-
age. This increase in uncovered charge with applied voltage may be
considered a capacitive effect. We may define an incremental capaci-
tance Cr by

d

or = |52 \ (5-7)
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where dQ is the increase in charge caused by a change dV in voltage.
1t follows from this definition that a change in voltage dV in a time dt
will result in a current 7 = dQ/dt given by

i = Cr ‘fi—‘; (5-8)

Therefore, a knowledge of Cr is important in considering a diode (or a
transistor) as a circuit element. The quan-
tity Cr is referred to as the transition-region,
space-charge, barrier, or depletton-region ca-
(@) pacitance. We shall now consider Cr quan-
titatively. It will turn out that this ca-
Charge density pacitance is not a constant but dependsupon
the magnitude of the reverse voltage. It is
for this reason that Cr is defined by Eq. (5-7)
rather than as the ratio Q/V.

Consider a junction in which there is an
abrupt change from acceptor ions on one side
N, to donor ions on the other side. Such a
o v e junction is formed experimentally, for exam-
? W n ple, by placing indium, which is trivalent,

(B) against n-type germanium and heating the
combination to a high temperature for a
short time. Some of the indium dissolves
into the germanium to change the germanium
from n type to p type at the junction. Such
a junction is called an alloy or fusion junc-
tion. It is not necessary that the concentra-

tion N, of acceptor ions equal the concen-

! ~ tration N, of donor impurities. Asa matter

0 x=Wp of fact, it is often advantageous to have an

le) unsymmetrical junction. Figure 5-6 shows

Fia. 5-6. The charge-density the charge density as a function of distance

and potential variation at &  f.5m an alloy junction in which the acceptor
fusion p-n junction. . K A .

impurity density is assumed to be much

smaller than the donor concentration. Since the net charge must be

zero, then

p-type n-type

Mo

Potential

Vs
Y

W — e e — —

=

eN W, = eN W, (5-9)

If N, < Ng, then W,> W,. For simplicity, we shall neglect W, and
shall assume that the entire barrier potential Vp appears across the
uncovered acceptor ions. The relationship between potential and charge
density is given by Poisson’s equation. Starting with Coulomb’s law,
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this relationship is derived in Appendix V and is found to be

d*V _ eN,

" e (5-10)
where e is the permittivity of the semiconductor. If K is the (relative)
dielectric constant and e is the permittivity of free space (Appendix IV),
then ¢ = Ke.. The electric lines of flux start on the positive donor ions
and terminate on the negative acceptor ions. Hence, there are no flux
lines to the left of the boundary # = 0in Fig. 5-6,and &8 = —dV/dx = 0
at z = 0. Also, since the zero of potential is arbitrary, we shall choose

V =0atz = 0. Integrating Eq. (5-10) subject to these boundary con-
ditions yields

; _ eN ,x? :
! P (5-11)
Atz = W,= W, V = Vg, the barrier height. Thus
— eNa 2
Ve = 2 w (5-12)

If we now reserve the symbol V for the applied bias, then Vz = Vo — V,
where V is a negative number for an applied reverse bias and V, is the
zero-voltage barrier height (Fig. 5-1). This equation confirms our quali-
tative conclusion that the thickness of the depletion layer increases with
applied reverse voltage. We now see that W varies as Vgh.

If A is the area of the junction, then the charge in the distance W is
Q) = eN.WA. The transition capacitance Cr, given by Eq. (5-7), is

C1dQ | dw
Cr = ‘aﬂ - Nt | 57 (5-13)
From Eq. (5-12), |dW/dV| = ¢/eN,W and hence
€A
Cr =% (5-14)

It is interesting to note that this formula is exactly the expression which is
obtained for a parallel-plate capacitor of area A (square meters) and plate
separation W meters containing a material of permittivity e. The barrier
capacitance is not a constant but varies with applied voltage. The larger
the reverse voltage, the larger W and hence the smaller the capacitance.
Similarly, for an increase in forward bias (V positive), W decreases and
Cr increases. The order of magnitude of Cr is 5 to 100 uuf for com-
mercially available junction diodes. If the concentration N is not
neglected, the above results are modified only slightly. In Eq. (5-12)
W represents the total space-charge width, and 1/N, is replaced by
1/Ns + 1/Na.  Equation (5-14) remains valid.
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A second form of junction, called a grown junction, is obtained by draw-
ing a single crystal from a melt of germanium whose type is changed dur-
ing the drawing process by adding first p-type and then n-type impurities.
Tor such a grown junction the charge density varies gradually (almost
linearly), as indicated in Fig. 5-7. If an analysis similar to that given
above is carried out for such a junction, Eq. (5-14) is found to be valid
where W equals the total width of the space-charge layer. However, it
now turns out that W varies as Vst instead of Vi (Prob. 5-10).

5-4. Diffusion Capacitance. For a forward bias a capacitance which
is much larger than that considered in the preceding section comes into
play. The origin of this capacitance will now be discussed. If the bias
is in the forward direction, the potential barrier at the junction is lowered
and holes from the p side enter the n side. Similarly, electrons from the

p

Charge density

— "72

a5 :

x=0 Junction
F1g. 5-7. The charge-den- Fic. 5-8. The hole density vs.
sity variation at a grown distance in the = side.

p-n junction.

n side move into the p side. This process is called minority-carrier injec-
tion. Let us concentrate our attention on the holes. What happens to
these after they are injected into the n side? The answer to this query is
that they will diffuse away from the junction and recombine with elec-
trons which are plentiful in the n side. As a result of this recombination,
the hole density falls off exponentially with distance, as indicated in Fig.
5-8. (For a proof of this statement see Appendix VI.) The area under
this curve is the charge stored at the junction (per unit cross-sectional
area). As explained in Sec. 5-3, it is convenient to introduce an incre-
mental capacitance defined as the rate of change of charge with applied
voltage. This capacitance is called the diffusion capacitance Cp or the
storage capacitance for holes. In Sec. 5-8 it is shown that
2

Cp = % g (5-15)
where L, is the mean distance that a hole travels before recombination
and is called the diffusion length for holes. A similar expression is valid
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for electrons. The symbol g is the dynamic conductance of the diode
and is defined by KEq. (5-4).

For a reverse bias, ¢ is very small and Cp may be neglected compared
with Cy.  For a forward bias which is greater than a few tenths of a volt,
g is given by Eq. (5-5), and we see that the conductance and hence the
diffusion capacitance are proportional to the direct current. For L, =
0.1 cm and for germanium (D, = 45 cm?/sec), Cp at I = 26 ma (at which
current ¢ = 1 mho) is

1070 X 1

Cp = 15 10-3

farad == 220 uf
It should be noted that this value is far larger than the barrier capaci-
tance Cr. Despite this large value of Cp, the time constant 7Cp (which
is of importance in circuit applications) may not be excessive because the
dynamic forward resistance r is small. From Eq. (5-15), this time con-
stant is given by
rCp = Ly’ (5-16)
D — Dp

and is independent of current. For the numerical values assumed above,
rCp = 220 usec. Values from about 1 to 1,000 usec have been reported.

On an average, a hole will exist for r, seconds before combining with a
free electron. This time 7, is called the mean lifetime of the hole. Since
L, is the average distance between recombinations and r, is the average
time between recombinations, then these two parameters are not inde-
pendent. In Appendix VI it is shown that

L, = \/D Tp (5-17)

Experimentally the mean lifetime is found to vary greatly between speci-
mens which appear to be alike in all other properties. It is concluded
that the recombination process must be controlled by imperfections in
the crystal. The word deathnium has been introduced? to deseribe these
not-too-well-understood imperfections. It is also found that recombi-
nation takes place at the surface as well as within the body of the semi-
conductor, and one speaks of a deathnium layer at the surface. For a
specimen of small volume the surface recombination is the dominant
process in determining the mean lifetime and is markedly dependent upon
the physical and chemical state of the surface. Values of 7, of from about
1 to 1,000 usec have been observed.? For germanium we find from Eq.
(5-17) that L, lies in the range 0.007 to 0.2 em. Because of the above
relationship between L, and r,, Eq. (5-16) reduces to

rCp = 1p (5-18)
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which states that the time constant is numerically equal to the mean
lifetime.

The time constant discussed above places a serious limitation upon the
use of the junction diode at high frequencies. For example, consider a
diode which is conducting in the forward direction to which is suddenly
applied a large negative step of voltage. This bias is in the direction to
force the stored minority carriers across the junction. Hence, immedi-
ately after the application of the negative step a large reverse current
flows, and it is only after the stored charge is removed that the current
falls to the low reverse saturation value. The time required for the back
resistance to increase to a high value is called the back recovery time* or
storage-time delay. This recovery time depends not only upon the value
of rCp but also upon the circuit in which the diode is used. There is
also a forward recovery time, but this is usually not of great importance
because the forward resistance reaches a low value almost instantly even
though the time to reach the final forward resistance may be relatively
long.

Because of the capacitive effects discussed above, the junction diode is
limited to relatively low-frequency applications, such as a rectifier to con-
vert from alternating (up to about 50 ke) to direct voltages. An example
is the 1N94 diffused-junction germanium diode, which has the following
ratings: d-c output current = 500 ma, peak forward current = 1.57 amp,
surge current = 25 amp, peak inverse voltage = 380 volts, and forward
resistance at full load = 0.5 ohm.

6-6. Point-contact Diode. There is available commercially another
type of diode, called the point-contact diode, which consists of a pointed
tungsten or gold wire in the form of a
spring which presses against a wafer
of n-type germanium or silicon of
extremely small dimensions (about
Bose meto/ 1 by 1 by 1 mm). A typical unit, the
) 1N34A general-purpose diode, is indi-
noiype germonium - qated in Fig. 5-9. The glass enclosure

Cot whisker . . .

Fie. 5-9. A point-contact semicon- ac@ as a prOtecmO.n.agalnSt contan.u-
ductor diode. nation and humidity. The entire

unit, exclusive of the leads, is about
0.5 in. long and 0.25 in. in diameter. In the manufacturing process
a surge of current is passed through the diode and a p-n junction of
extremely small area is formed at the point contact. The capacitances
associated with this diode are much smaller than the corresponding values
for the junction diode. Hence, the point-contact diode is used in high-
frequency or pulse applications. For a point-contact diode the back
recovery time lies in the range 0.01 to 10 usec.

Leads —
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Although the point-contact diode is historically much older than the
junction diode, the former is much less well understood than the latter.
The volt-ampere characteristic is similar to that given in Fig. 5-4 except
that the point-contact diode shows no reverse saturation. T he reverse
current increases with reverse voltage, probably because of the increased
heating at the tiny point contact with increased voltage. It is also found
that the forward current is usually larger than that predicted from
Eq. (5-2).

5-6. Quantitative Theory of the p-n Junction. We have seen that,
when a forward bias is applied to a diode, holes are injected into the
n side and electrons into the p side. We show in Appendix VI that the
number of these injected minority carriers falls off exponentially with
distance from the junction. From the concentration gradient we can
calculate the diffusion current of minority carriers. In this manner we
shall find the hole current I,, in the n-type material as a function of dis-
tance. Similarly, we shall calculate the electron current I., in the p side
as a function of distance. The sum of the hole and electron currents
equals the total current I. In particular, at the junction (z = 0),

I = 1,.(0) + I.,(0) (5-19)
Since the current is the same throughout a series circuit, I is independent
of z. The electron current I., in the n material may therefore be calcu-
lated as a function of distance from

I = I.(x) + La(2) (5-20)
A similar expression allows the hole current I,,(z) in the p side to be
evaluated.

The objectives of this and the next two sections are (1) to find the
four current components as a function of distance from the junction,
(2) to find the total current as a function of the applied voltage (the
diode volt-ampere characteristic), (3) to find the reverse saturation cur-
rent as a function of the physical parameters of the semiconductor and
of the temperature, and (4) to evaluate the diffusion capacitance Cp.
Furthermore, the theory developed here and the results obtained will be
most useful later in our study of the transistor.

Before proceeding with the analysis, a few observations will be made to help clarify

the notation. If the letters p and n both appear in a symbol, the first letter refers to the
type of carrier and the second to the type of material. For example,

I,. = hole current in n-type semiconductor

np = electron concentration in p material
If a quantity is a function of distance, this fact may be indicated explicitly by insert-
ing an z in parentheses after the symbol. For example,

pa(x) = hole concentration in n side as a function of =
pn(0) = hole concentration in n side al the junction x = 0
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A subscript o indicates a thermal-equilibrium value. For example,
Pro = thermal-equilibrium hole concentration in the n side

The value of the concentration in excess of the thermal-equilibrium value is called the
injected concentration and is designated by
a capital letter for the type of carrier. For
example,

Concentration

Pule) = pu(®) — pro  (5-21)

| PO

2,0 L Byl)

where P,.(x) is the injected-hole concentra-
tion in the n material at any position = from

Pro Pl the junction. The various hole-concentra-
_ v l tion components in the n side are indicated
0 x Distance in Fig. 5-10.
F1g. 5-10. Defining the several com-
ponents of hole concentration in the n The diffusion length is very much

side.

larger than the depletion-layer thick-
ness and hence we shall neglect the barrier width in the discussion to
follow. The diffusion current I,, is given by Eq. (3-38), namely,

pn

I, = —AeD, e

From Eq. (A6-13) the concentration p, is given by
pn = pno + Pn(o)e_z/Lp
and taking the derivative we obtain

1,, = A0 0) s, (5-22)
L,
This equation indicates that the hole current decreases exponentially with
distance into the n side. However, since the total current I must be
independent of x, then there must exist an electron current I,, in the
n side, given by Eq. (5-20). These current components are indicated in
Fig. 5-11 for an unsymmetrically doped junction diode.

The analysis for the p side is identical to that given above for the
n side, and corresponding quantities are obtained by interchanging the
symbols p and n. For example, the free-electron current I,, in the p side
is given by

1 ADNO) 523
L,
where L, is the free-electron diffusion length, N, (0) is the injected-electron
concentration from the n side into the p side at the junction, etc. Simi-
larly, there is a hole current I,, in the p side such that

Lo+ 1, =1 (5-24)
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The hole and electron currents on both sides of the junction are plotted in
Fig. 5-11. Note that deep into the p side the current is a drift (con-
duction) current 7,, of holes sustained v

by the small electric field in the semi- Hiji=

conductor. As the holes approach
the junction, some of them recombine 2 n
with the electrons which are injected
into the p side from the = side. (a)
Hence, part of the current I,, becomes Current

a negative diffusion current just equal g Toral current I
in magnitude to the diffusion current

I.,. The current I,, thus decreases Zpp 0/e current
toward the junction (at just the proper Jelecton current

Inn, €lectron
curréent

Ipp, hole

rate to maintain the total current / current
constant, independent of distance). s Distonce
What remains of /,, at the junction (3)

enters the n side and becomes the hole  prg. 5-11. The hole and electron-cur-
diffusion current I,,. Similar re- rent components vs. distance in a p-n
marks can be made with respect to iunction diode.

current I,,. Hence, in a forward-biased p-n diode the current enters the
p side as a hole current and leaves the » side as an electron current of the
same magnitude.

6-7. The Boundary Condition.® Before proceeding with the theory of
the p-n junction it is necessary to consider the effect of the applied volt-
age upon the injected-carrier density. This boundary condition can be
obtained from the Boltzmann relationship which states that the density
N, of particles in a region 1 is related to the density N, in region 2 by the
equation

N1 = Nae¥a/Vz (5-25)
where V,; is the potential energy of region 2 with respect to region 1.
This relation can be used, for example, to find the variation of atmos-
pheric density or pressure with height above the earth’s surface. In
general, the particles in a solid obey Fermi-Dirac statistics but it is found
that the density of holes in the valence band and of the electrons in the
conduction band of a semiconductor is low enough so that the Boltzmann
relation is valid to a good approximation.

Consider an open-circuited p-n junction with region 1 the p side,
region 2 the n side, and holes as the particles under consideration. Then
N1 = Ppoy N2 = Pno, and Va1 = Vg so that Eq. (5-25) is equivalent to

Ppo = pnoeVo/VT (5_26)

Consider now a junction biased in the forward direction by an applied
voltage V. The barrier potentialis Vo1 = V= Vo — V. The hole con-
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centration throughout the p region is constant and equal to the thermal-
equilibrium value p, = Ni1. The hole concentration varies with dis-
tance from the junction in the n region, as indicated in Fig. 5-10. Hence
region 2 will be considered to be just inside the n material beyond the
depletion layer. Since the width of this space-charge layer is small com-
pared with the diffusion length, we shall assume that the potential barrier
has zero width. Under this assumption the concentration N, is the value
at z = 0 or Ny = p,(0). The Boltzmann relation (5-25) is, for this case,

Do = Pa(0)eVo VT (6-27)
Combining this equation with Eq. (5-26) we obtain
Pn(0) = puoe”/V" (5-28)

This boundary condition indicates that for V' > 0, a forward bias, the
hole concentration at the junction is greater than the thermal-equilibrium
value. Equation (5-28) is one of the most fundamental relationships in
junction theory.

An alternative and informative approach to the boundary condition is
the following:® We saw in Sec. 5-1 that for an open-circuited junction
the net hole current must be zero. Hence, equating the negative of the
hole diffusion current to the hole drift current we have

d
erag = eu,p& (5-29)

The Einstein relation [Eq. (3-39)] is

Dy _ vy, (5-30)

Mo
where the electron-volt equivalent of temperature Vr is defined by Eq.
(5-1). Substituting Eq. (5-30) into Eq. (5-29) and remembering the rela-
tionship Eq. (1-15) between field intensity and potential, we obtain

dp _&dx _ dV

» T =50

If this equation is integrated between limits which extend across the
junction from the p- to the n-type material, the result is

Ppo = pnoEVO/VT

This equation is identical with Eq. (5-26) obtained from the Boltzmann
relation. From this relationship, V, can be calculated in terms of the
concentrations N, and N, respectively, of acceptor and donor atoms
and the intrinsic concentration n; (Prob. 5-12).
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By a similar argument to that given in Sec. 5-1 we conclude that the
sum of the diffusion and drift electron currents must be zero for an open-
circuited junction. This condition again leads to exactly the same rela-
tionship [Eq. (5-26)] for the barrier potential V.

If a junction is forward-biased, then the net hole current ¢, is no longer
zero. However, the diffusion and drift currents are individually very
much larger than 4,. Hence, to a good approximation, we may again
equate the magnitudes of the diffusion and drift currents. (If the differ-
ence between two very large numbers is a small number, the two large
numbers are approximately equal to one another.) Starting with Egs.
(5-29) and (5-30) and integrating over the junction, Eq. (5-26) is again
obtained.

5-8. Quantitative Theory of the p-n Junction (Continued). By mak-
ing use of the boundary condition [Eq. (5-28)], we can now obtain the
diode volt-ampere equation. For a forward bias V, the retarding poten-
tial barrier at the junction is lowered by V volts and more holes enter
the n side. The hole concentration at the junction increases from the
thermal-equilibrium value p., to a new value which is p..¢"/¥7.  Hence,
from Eq. (5-21) the hole concentration P,(0) injected into the n side at
the junction is

PL(0) = pa(e"’Vr — 1) (5-32)

The corresponding expression for the electron density N,(0) injected into
the p side at the junction is

N,(0) = np("Vr — 1) (5-33)

Equations (5-32) and (5-33) are also valid for reverse bias. In this case
V is negative, and the injected-
minority-carrier density is negative
so that the concentration near the
junction falls below its thermal-
equilibrium value. The correspond-
ing diffusion current will be nega-
tive, which signifies a current flow
in the reverse direction. The mi- =0 Distonce
nority-carrier densities near a p-n  Fia. 5-12. The hole and electron cor.-
junction are indicated in Fig. 5-12 centrations vs. distance in a p-n jun:-
for both forward bias (a) and reverse ;’lion diode.  (a) Forward bias. (0)
everse bias.

bias ().

The total current I is found (Fig. 5-11) by adding I, and I, at z = 0.
Hence, from Egs. (5-22) and (5-23),

_ AeD,P.(0) | AeD.Ny(0)
L, L.

Density

1 (5-34)
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Using Eqgs. (5-32), (5-33), and (5-34), we find

I = Iy(e"Vr — 1) (5-35)
where
_ Aerpm; AeDnnpn
I, = L, + i (5-36)

is the magnitude of the reverse saturation current (the current for V =
— o being —I,). The above derivation of the diode volt-ampere charac-
teristic justifies the somewhat heuristic proof given in Sec. 5-2.

The parameters upon which the reverse saturation depends are clearly
indicated in Eq. (5-36). Another form of this equation in terms of con-
ductivities is given in Prob. 5-15. The temperature dependence of I, is
found from Eqs. (5-36), (3-36), (3-37), and (3-31) to be
D, D,

+ _> TseVoVr (5-37)
b4

To = Aedq (W N.L

where the values of Ao and V, = E, are given in Table 3-1. From Eq.
(5-37) it can be shown that the saturation current for germanium increases
about 11 per cent per degree rise in temperature. The corresponding
increase for silicon is 15 per cent. However, the value of the saturation
current for silicon is very much smaller than for germanium and hence a
silicon diode can be used at a very much higher temperature than can a
germanium diode.

Let us make a quantitative calculation of the diffusion capacitance Cp.
If the applied forward voltage increases by AV, the height of the bar-
rier decreases by AV and the injected charge increases by AQ. Hence,
we can define Cp by the relationship Cp = dQ/dV. Let us compute Cp,,
the diffusion capacitance due to holes. The total charge @, of holes
injected into the n side is equal to the area under the exponential curve
of Fig. 5-10 multiplied by the diode cross section 4 and the electronic
charge e. Hence,

Q, = fo” eAP(0)e b dz = AeL,P.(0) (5-38)
and :
dP.,(0
Cp, = AeL, dlﬁ ) (5-39)
The hole current I, is given by the first term in Eq. (5-34), or
I,. - AeD,P.(0) (5-40)
Ly,
and

dP.(0) _ L, dl _ L

P
AV = AeD, dV ~ AeD, %" (5-41)
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where g, = dl,./dV = conductance due to holes. Combining Eqs.
(5-41) and (5-39) yields
_ L’

Cp, = (5-42)

P
A similar expression with p replaced by » gives the diffusion capacitance
Cp, due to electrons. Since the total capacitive current ¢ is the sum of
the hole and electron capacitive currents, then

av

’L=CD7+CDndt

» dt (5_43)

Hence, it is convenient to write i+ = Cp dV/dt, where Cp, the total diffu-
sion capacitance, is defined by Cp = Cp, + Cp, and is given by

L

Cp = pgp_l_L gn

(5-44)

or, using Eq. (56-17),
Cp = 759p + Tngn (5-45)

If the hole current is very much larger than the electron current, g, > g.,
and
Co =1,y =109 (5-46)

where g = dI/dV = (Io/Vr)e"’V7 is the diode conductance.

In the above derivation the steady-state charge distribution of Fig.
5-10 was used. It was implicitly assumed that, after the input voltage
was changed, sufficient time was allowed to pass for a new equilibrium
distribution to be established before the net change in charge was caleu-
lated. If the input voltage varies with time, it may not be possible to
define diffusion capacitance in a unique manner. For the important
special case where the voltage varies sinusoidally with time with a fre-
quency f, the diffusion capacitance may be obtained from the reactive
component of current. Thus, if the a-c component of voltage is Vet
(w = 2xf), then a current term in the form jwCpV ¢! results, and this
expression defines Cp. If the equation of continuity [Eq. (A6-9)]is solved
for a sinusoidal input voltage (see Prob. 5-20), it is found that the diffu-
sion capacitance is a function of frequency. The results of such an
analysis are

Cp, = ir.0, if wr, < 1)

— (5-47)
Co, = \/Qﬁ Ip if wr,>1

and

where g, = diode conductance due to holes at zero frequency.
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5-9. Metallic Rectifiers.® Even prior to the discovery of the p-n
junction diode there were in existence devices in which rectification
depended upon the presence of a semiconductor. These so-called
“metallic rectifiers” contain a nonohmic junction between a metal and
a semiconductor rather than between two semiconductors. The elements
of a metallic rectifier are illustrated in Fig. 5-13 and consist of a sandwich
of a metal base plate, a semiconductor, and a metallic contact surface
electrode. When the cell is formed, a thin nonohmic, barrier, or blocking
layer is formed either between the base metal and the semiconductor or
between the semiconductor and the metallic electrode. As a result of
the nonohmic layer the cell possesses unilateral properties. In Fig. 5-13

Rectitying or Semiconductor
blocking layer ’f‘ (selenium)
57?52/ L f,if,f,/ — H |~ Rectitying or
(/e copper) —Semiconductor, {i.e. nickel) — blocking layer
- (i.e. cuprous oxide) ]
et r—— — H —
4—Metallic contact — “] Zﬁﬁ‘}/gf,ﬁ””"’”
electrode ] (ie. cadmium)
(e nickel) —
S 0hmic contoct - _S———0Ohmic contact
Electron flow Electron flow
- —_—
Forword current Forward current
Fia. 5-13. The elements of a blocking- Fig. 5-14. Cross section of a selenium
layer metallic-rectifier cell. cell.

the semiconductor is p type and hence the forward (low-resistance) direc-
tion is from the semiconductor to the base metal through the blocking
layer.

Two commercially important metallic-rectifier disks exist, these being
known as copper oxide cells” and selenium cells.®* The copper oxide cell is
illustrated in Fig. 5-13. These cells are produced by heating a copper
disk or plate in a furnace to approximately 1000°F and then quenching it
in water. This treatment produces a thin layer of red cuprous oxide
with an outer layer of black cupric oxide. The cupric oxide is then
removed, leaving the cell with a layer of cuprous oxide on the base copper.
Contact with the oxide surface can be made in either of two ways. One
method is to use a lead disk which is held against the oxide surface at a
definite pressure. The other way is to plate a metallic conductor, such
as nickel, on the oxide surface. This plated film is then used as the
contact surface.

The selenium cell is illustrated in Fig. 5-14. It consists of a base metal
of nickel, iron, or aluminum which is covered with a thin film of selenium.
An electrode of a cadmium alloy is sprayed onto the free surface of the
selenium. The rectifying or blocking layer forms between the selenium
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and the cadmium alloy upon the application of an a-¢c potential. The
selenium is p type and hence the forward direction is from the semi-
conductor to the contact electrode through the blocking layer.

The most important characteristics of copper oxide, selenium, ger-
manium, and silicon rectifiers are summarized in Table 5-1.  Germanium
and silicon have far superior properties than the other two but are more
costly.

TABLE 5-1
SEMICONDUCTOR RECTIFIER CHARACTERISTICS*
Characteristic COP PEr | Seleninm | Germanium | Silicon
oxide

Back /front resistance ratio............. 103 103 4 X 108 108
Maximum current density, amp/in.2. ... .| 0.25 0.32 300 1,000
Maximum operating temperature, °C....| 60 100 65 150
Maximum back voltage per cell, volts...| 5 36 200 300

* From K. R. SpanGENBERG, “Fundamentals of Electron Devices,” p. 177,
MecGraw-Hill Book Company, Inc., New York, 1957.
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CHAPTER 6

PHOTOELECTRIC DEVICES

THE liberation of electrons from matter under the influence of light is
known as the photoelectric effect, first observed by Hertz in 1887. Today,
many commercial devices are based upon this discovery.

The photoelectric effect includes (1) the liberation of electrons from a
metallic surface and (2) the generation of hole-electron pairs in a semi-
conductor when these solids are subjected to radiation. The first phe-
nomenon is called the photoemissive effect and is exploited in vacuum and
gas phototubes. Photoeffects in semiconductors may be subdivided into
two types: (1) the photoconductive effect; the electrical conductivity of a
semiconductor bar depends upon the light intensity, and (2) the junction
photoeffect; the current across a reverse-biased p-n junction is deter-
mined by the intensity of the illumination. If the p-n junction is open-
circuited, then an emf is generated. This latter phenomenon is called
the photovoltaic effect.

This chapter discusses photoelectric theory, considers practical photo-
devices, and shows how these are used in a circuit.

6-1. Photoemissivity. The experimental features that are character-
istic of the photoemissive effect are the following:!

1. The photoelectrons liberated from the photosensitive surface possess
a range of initial velocities. However, a definite negative potential when
applied between the collector and the emitting surface will retard the
fastest-moving electrons. This indicates that the emitted electrons are
liberated with all velocities from zero to a definite maximum value. The
maximum velocity of the emitted electrons is given by the relation

Imu,.? = ek, (6-1)

where E, is the retarding potential, in volts, necessary to reduce the
photocurrent to zero. As the potential is increased, the number of elec-
trons to the collector increases until saturation occurs. It is to be noted
from Fig. 6-1, in which are plotted curves showing the variation of photo-
current I, with collector potential (the light intensity j is a parameter),
that E, and hence v, are independent of the light intensity.

2. If the photoelectric current is measured as a function of the collector
potential for different light frequencies f and equal intensities of the inci-

134
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dent light, the results obtained are essentially those illustrated in Fig. 6-2.*
It is observed that the greater the frequency of the incident light, the
greater must be the retarding potential to reduce the photocurrent to
zero. This means, of course, that the maximum velocity of emission of
the photoelectrons increases with the frequency of the incident light.
Experimentally, it is found that a linear relationship exists between
E, and f.

The experimental facts listed under 1 and 2 may be summarized in the
statement that the mazimum energy of the electrons liberated photoelectri-
cally is independent of the light intensity but varies linearly with the fre-
quency of the incident light.

Ipp f-constont  J3>Jo>Jy Lo

J3

J2 ,-2,; fi>h>f

/1 f3 J =constant

E
FEE BN

E. 0 E En’ g, Er3
F1a. 6-1. Photocurrent vs. plate voltage Fic. 6-2. Photocurrent vs. plate poten-
with light intensity as a parameter. tial with the frequency of incident light
The frequency of the incident light is a as a parameter. The light intensity is a
constant. constant.

3. If the saturation current is plotted as a function of the light inten-
sity, we find that the photoelectric current is directly proportional to the
intensity of the light.

4. The foregoing photoelectric characteristics are practically independ-
ent of temperature, within wide ranges of temperature.

5. The electrons are emitted immediately upon the exposure of the sur-
face tolight. The time lag has been determined experimentally?® tobe less
than 3 X 10~° sec.

6. Photoelectric cells are selective devices. This means that a given
intensity of light of one wave length, say red light, will not liberate the
same number of electrons as an equal intensity of light of another wave
length, say blue light. That is, the photoeleciric yield, defined as the
photocurrent (in amperes) per watt of incident light, depends upon the
frequency of the light. Alternative designations of the term “photoelec-
tric yield”” to be found in the literature are relative response, quantum yield,
spectral sensitivity, specific photosensitivity, and current-wave-length charac-
teristic. The relative response curves for the alkali metals are shown in
Fig. 6-3.

Curves of these types are obtained experimentally in the following way:
Light from an incandescent source is passed through the prism of a mono-
chromator for dispersion, a narrow band of wave lengths being selected by
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means of an appropriately placed slit system. The current given by the
photoelectric surface when exposed to the light passing through the sys-
tem of slits is noted. The current

Li given by a blackened thermopile when
exposed to the same light is also noted.

The ratio of these two readings is

plotted vs. the wave length of the in-

cident light. Blackened thermopiles

& are used because they absorb all radia-
tion incident upon them equally, re-

| ! gardless of the wave length. This

U”’"—»L—V/sa;/g —),«1”{’” procedure permits a measure of the

violet red | A

Fia. 6-3. Spectral sensitivity as a ©DET8Y contained in any part of the
function of wave length for the alkali spectrum to be made. An automatic
metals.  (E. F. Seiler, Astrophys. J.,  gpectral-sensitivity-curve tracer has
82, 129, 1920 been designed for obtaining these
curves quickly with the aid of a cathode-ray tube.*

6-2. Photoelectric Theory. The foregoing experimental facts find their
explanation in the electronic theory of metals and in the light-quantum
hypothesis of Planck. The birth of the quantum theory occurred in 1900
when Planck made the fundamental assumption that radiant energy is
not continuous but can exist only in discrete quantities called quanta or
photons. With the aid of this concept, Planck was able to correlate satis-
factorily the theory and measurements of infrared radiation. Bohr used
this same theory of photons to explain the spectra of atoms (Secs. 12-3
and 12-5). Einstein applied the same hypothesis to explain photo-
emission, as we shall now demonstrate. Planck’s basic assumption is
that associated with light of frequency f (cycles per second) are a number
of photons, each of which has an energy hf (joules), where h (joule-seconds)
is called Planck’s constant (Appendix I). The greater the intensity of
the light, the larger is the number of photons present, but the energy
of each photon remains unchanged. ~Of course, if the light beam is hetero-
geneous rather than monochromatic, then the energy of the photons there-
with associated will vary and will depend upon the frequency.

If monochromatic light of frequency f falls upon a metal whose work
unction is Ew, the velocity of the emitted electron is, according to Ein-
stein’s equation,®

Spectral sensitivity

zmv? < hf — eEw (6-2)

The significance of this equation becomes apparent when considered in the
light of the electronic theory of matter. Since photoelectric devices are
operated at low (room) temperatures, the completely degenerate distribu-
tion function must be employed. Figure 6-4 shows the energy distribu-
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tion function at low temperatures, and also the potential-energy barrier
at the surface of the metal (Fig. 3-11).

This figure indicates that the electrons within the metal exist in energy
levels ranging from zero to a maximum energy, Eu electron volts, but
none has energies greater than this value. If an electron possessing the
energy E, receives the photon of light energy hf and travels normal to
the surface of the metal, the kinetic energy that it will have, upon escap-
ing from the metal, will be Af — eEw joules. This follows directly from
the significance of the work function Ew, which is the minimum energy
that must be supplied at 0°K in order to permit the fastest-moving
surface-directed electron just to surmount the potential barrier at the
surface of the metal and to escape.

Electron
volts
; K~ Outside
By Inside of metal of metal
_¥_ 5
Pe Zero level

Fic. 6-4. Energy-level diagram for the free electrons within a metal. The potential-
energy barrier at the surface of the metal is also shown.

Since some of the electrons which have energies less than Ei may
absorb the incident photons, an energy greater in magnitude than Ew
will be expended when they escape. This fact explains the inequality of
Eq. (6-2).

According to this equation, the retarding potential E, that will just
repel the fastest-moving electron is given by

el, = tmv,.2 = hf — ellw (6-3)

which is in agreement with the experimental facts 1 and 2. This result
shows that the maximum energy of the escaping electrons varies linearly
with the frequency and is independent of the light intensity. This latter
condition follows from the fact that the intensity of the incident light does
not enter into this expression. This equation was verified experimentally
by Millikan.¢ He plotted retarding voltage vs. frequency and obtained a
straight line. The slope of this line gives the value of the ratio h/e. The
value of this ratio found by this method agrees very well with that from
other experiments. The intercept of the Einstein line with the axis of
abscissa gives Ey (provided that corrections are made for contact differ-
ence of potential). The value of the work function obtained photoelectri-
cally agrees well with that measured thermionically for the same emitter.
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The minimum frequency of light, known as the threshold frequency f.,
that can be used to cause photoelectric emission can be found from Eq.
(6-3) by setting the velocity equal to zero. The result is

ek

AL (6-4)
The corresponding wave length, known as the long-wave-length limit or the
threshold wave length ., beyond which photoelectric emission cannot take

place is
¢ ch 12,400
where A denotes the angstrom unit (10~ m) and where Ey is expressed
in electron volts. For response over the entire visible region, 4,000 to
8,000 A, the work function of the photosensitive surface must be less than

1.55 volts. This statement follows directly from Eq. (6-5).

Ezample. A tungsten surface having a work function of 4.52 ev is irradiated with
the mercury line, 2,537 A.  What is the maximum speed of the emitted electrons?

Solution. The electron-volt equivalent of the energy of the incident photons is
12,400/2,537 = 4.88 ev. According to the Einstein equation, the maximum energy
of the emitted electrons is

4.88 — 4.52 = 0.36 ev
From Eq. (1-13) the corresponding velocity is

Pmax = 5.93 X 105 4/0.36 = 3.56 X 105 m /sec

The fact that the photoelectric current is strictly proportional to the
light intensity is readily explained. A greater light intensity merely
denotes the presence of a larger number of photons. F urther, since each
photon is equally effective in ejecting electrons, the number of electrons
per second ejected must be proportional to the light intensity.

If it is remembered that the distribution function of electrons in metals
varies very little with temperature, then fact 4 is evident. Strictly speak-
ing, however, the totally degenerate distribution function applies only at
the temperature 0°K. At room temperature, therefore, a few electrons
will have emission velocities greater than those predicted by Eq. (6-3).
Hence no absolutely sharp long-wave-length limit exists for any sub-
stance, since the curves, such as those of Fig. 6-1, approach the axis
asymptotically. Fowler’ investigated this matter theoretically, and this
theory provides a method of determining the photoelectric work function
independent of the temperature of the surface. For most practical pur-
poses the use of the completely degenerate distribution function even at
room temperatures is quite reasonable. Hence, it is justifiable to con-
sider cutoff to occur sharply for frequencies below the critical value fe.
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A qualitative explanation for the shapes of the spectral response curves
of Fig. 6-3 is readily found. There can be no response for frequencies
below f.; hence cutoff occurs at the point f = f.. As fincreases above f,,
the energy of the incident photon if increases and some electrons in levels
below the maximum energy state are permitted to escape. As a result,
the response increases as the frequency increases or, correspondingly, as
the wave length decreases. However, a point of maximum response must
exist. This conclusion follows from the fact that if the energy of the light
is W joules, then the number of photons in the light beam is W/hf. But
since this number decreases with increasing frequency, the photocurrent
must decrease as f increases because of the decreased number of photons
present. A second peak is sometimes found to occur at the short wave
lengths. This is ascribed to the interaction of the radiation with the
more tightly bound conduction electrons of the matter. This volume
photoeffect becomes significant for light in the violet or near ultraviolet.
A complete quantitative explanation for the shapes of these curves has
not yet been given.

6-3. Phototubes. The essential elements of a phototube are a sensitive
cathode surface of large area and a collecting electrode, contained in an
evacuated glass bulb. These electrodes may be arranged in numerous
ways. In the older type of tube, the cathode was made by distilling the
photosensitive material, generally an alkali metal (usually cesium), on
the inner surface of the bulb, which first was silvered in order to ensure
good conduction. The anode was made in the form of a straight wire or
ring, in any case being small, so that it did not obstruct the light that was
incident upon the cathode. Many of the present-day phototubes consist
of a semicylindrical metallic cathode on which the photosensitive sub-
stance has been evaporated. The anode is a straight wire that is practi-
cally coaxial with the cathode. Phototubes of modern design are shown
in Fig. 6-5.

The glass bulb either may be highly evacuated or may contain an inert
gas at low pressure. The volt-ampere characteristics of the ordinary vac-
uum phototubes are shown in Fig. 6-6. The current that exists at zero
accelerating potential results from the initial velocities of the electrons.
Note that a retarding potential must be applied in order to reduce the
current to zero.

As the anode-cathode potential is increased, the current to the anode
increases very rapidly at first, the nonsaturation resulting from the possi-
ble space-charge effects, and also from the fact that some electrons are
missing the wire anode on their journey from the cathode, since the attrac-
tive field is small at these low potentials. The current very soon reaches
a saturation value, for the field becomes sufficient to attract all the elec-
trons liberated from the cathode under the influence of the incident light.
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The continued increase in photocurrent as the anode potential is increased
results partly from the more complete collection of the electrons and
possibly from the reduction of the work function of the material of the
cathode surface as a consequence of the presence of the applied electric
field at the cathode (the Schottky effect; Sec. 3-11).
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F1c. 6-5. A group of typical phototubes. (Westinghouse Staff, ‘ Industrial Electricity
Reference Book,” courtesy of John Wiley & Sons, Inc., New York, 1948.)
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F1c. 6-6. Volt-ampere characteristics of a vacuum phototube with light intensity as a
parameter.

By filling the glass envelope with an inert gas, such as neon or argon,
at a pressure of the order of 0.5 mm, the current yield for a given inten-
sity of illumination is greatly increased, as illustrated in Fig. 6-7. As
described in Sec. 12-13, the increased current is produced by the field-
intensified or Townsend discharge. It is important never to raise the
potential across the tube to the point where a glow discharge occurs, for
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this will cause cathode sputtering with a consequent permanent damage
to the cathode surface. .

For purposes of comparison, the outputs of the vacuum and the gas-
filled phototubes (specifically, the results obtained under identical experi-
mental conditions with the General Electric PJ-22 and PJ-23 phototubes)
are illustrated in Fig. 6-8. These tubes are identical in all respects,
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Fi6. 6-7. Volt-ampere characteristies of a gas-filled phototube with light intensity as a
parameter.
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Fic. 6-8. Comparison of the volt-ampere characteristics of vacuum and gas-filled
tubes with similar photosurfaces. The same light intensity was used for both tubes.

except for the fact that one is a vacuum tube and the other is an argon-
filled tube. It is observed that the curves have the same shape until
ionization by collision occurs in the gas tube. Beyond this point, the
sensitivity of the gas tube continues to increase with increased anode
potentials, owing to the contribution to the current by the electrons
resulting from the ionization of the gas. The gas amplification ratio of
a gas-filled tube is of the order of 4 for an anode voltage of 80 volts.
From Fig. 6-8, this ratio is seen to depend upon the amount of incident
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light flux and upon the applied anode voltage. If an attempt is made to
obtain amplification ratios larger than about 10, a glow discharge usually
takes place.

6-4. Sensitivity of Phototubes. According to the above discussion, the
static sensitivity of a phototube may be defined as the ratio of the d-c
anode current to the incident radiant flux of constant value. In a similar
way, the dynamic sensitivity of a phototube is the ratio of the alternating
component of the anode current to the alternating component of the inci-
dent radiant flux. The dynamic characteristics are very important in
sound projectors, television, and facsimile systems and in fact in any sys-
tem which depends for its operation on changes in light intensity.

For a vacuum phototube, the two sensitivities are equal. TFor a gas-
filled photocell, there is a falling off of sensitivity with an increase in the
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Fic. 6-9. Average sensitivity characteristic of an RCA 868 gas-filled phototube. The
anode voltage is 90 volts. (Courtesy of Radio Corporation of America.)

frequency at which the incident light is interrupted or modulated. The
average sensitivity characteristic of an RCA type 868 gas-filled phototube
is shown in Fig. 6-9. The explanation of the shape of this curve lies in
the amplification characteristics of the gas contained in the cell. It takes
a negligible time for the photoelectrons to appear after the cathode surface
has been illuminated. However, a finite amount of time is required for
these electrons to build up the steady-state amplified current in the cell.
This delay results from two causes. The one of minor importance is the
time required? for the relatively slow ions that are formed by the electron-
collision process to travel to the cathode. These times are measured in
microseconds. The more important limitation is imposed by the diffu-
sion times of the metastable atoms (Sec. 12-10), which move slowly, as
they are electrically neutral and are not affected by the applied field.
These atoms bombard the cathode and emit electrons. Such metastable
diffusion times are of the order of milliseconds, so that for modulating fre-
quencies above 1,000 cps the sensitivity will drop, as indicated in Fig. 6-9.
This feature restricts such gas tubes to applications for lower frequencies
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of light interruption, since a sudden change in light intensity is not accom-
panied by corresponding instantaneous change in photo